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PREFACE 



This text on Integral Calculus completes the course in 
mathematics begun in the Analytic Geometry and continued 
in the Differential Calculus. Throughout this course I have 
endeavored to encourage individual work and to this end 
have presented the detailed methods and formulas rather 
as suggestions than as rules necessarily to be followed. 

The book contains more exercises than are ordinarily 
needed. As material for review, however, a supplementary 
list of exercises is placed at the end of the text. 

The appendix contains a short table of integrals which 
includes most of the forms occurring in the exercises. Through 
the courtesy of Prof. R. G. Hudson I have taken a two-page 
table of natural logarithms from his Engineers' Manual. 

I am indebted to Professors H. W. Tyler, C. L. E. Moore, 
and Joseph Lipka for suggestions and assistance in preparing 
the manuscript. 

H. B. PHILLIPS. 
Cambridge, Mass. 
June, 1917. 
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INTEGRAL CALCULUS 



CHAPTER I 

INTEGRATION 

1. Integral. — A function F {x) whose differential is 
equal to / (a;) dx is called an integral of / {x) dx. Such a 

function is represented by the notation / / {x) dx. Thus 

F (a;) = T/ (x) dx, dF (x) = / (x) dx, 

are by definition equivalent equations. The process of 
finding an integral of a given differential is called integration. 
For example, since d (x-) = 2x dx. 



P 



2xdx = x^. 
Similarly, 

/ cos xdx = sin x, I e'^dx = e^. 

The test of integration is to differentiate the integral. If 
it is correct, its differential must be the expression integrated. 
2. Constant of Integration. — If C is any constant, 

d[F{x) + C] = dF{x). . 

If then F {x) is one integral of a given differential, F {x) + C 
is another. For example, 

I 2xdx = x^ + C, f cos xdx = sinx + C, 

where C is any constant. 
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We shall now prove that, if two continuous functions of one 
variable have the same differential, their difference is constant. 

Suppose i^i (x) and F2 (x) are 
functions having the same differ- 
ential. Then 

dFi (x) = dFi (x). 



J Let y = Fi (x) — Fi (x) and plot 

* Y the locus representing y as a 

function of x. The slope of this 
Fig. 2. locus is 

dy-^ dF,{x)-dFi(x) ^ Q 
dx dx 

Since the slope is everywhere zero, the locus is a horizontal 
line. The equation of such a line \s y = C. Therefore, 

F, ix) - Fi (x) = C, 

which was to be proved. 

If then F (x) is one continuous integral of / (a;) dx, any 
other continuous integral has the form 



/ 



f{x)dx = F{x) + C. (2) 

Any value can be assigned to C. It is called an arbitrary 
constant. 

3. Formulas. — Let a and n be constants, u, v, w, 
variables. 

I. / rfu ± dv ± dw = I du ± I dv dz j dw. 

II. / a du = a I du. 

u'^du = -^-— T + C, if re is not -1. 
n + 1 

IV. fu-^du=J^ = ]nu + C. 
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These formulas are proved by showing that the differential 
of the right member is equal to the expression under the 
integral sign. Thus to prove III we differentiate the right, 
side and so obtain 

, / W+i , „\ (n+ 1) Wdu „ , 
\n+l I n + 1 

Formula I expresses that the integral of an algebraic sum 
of differentials is obtained by integrating them separately 
and adding the results. 

Formula II expresses that a constant factor can be trans- 
ferred from one side of the symbol / to the other without 



lymbol / 1 



changing the result. A variable cannot be transferred in this 
way. Thus it is not correct to write 



I xdx = X j dx = 
Example 1. j x^ dx. 



Apply Formula III, letting u = x and n = 5. Then dx = 
du and 



/ 



/y«5+l /v»6 



Ex.2. fiV^dx. 
By Formula II we have 

JsVlcdx^ 3 JxUx = ^-+ C = 2xi + C. 

Ex. 3. fix -l)(x + 2) dx. 

We expand and integrate term by term. 

J(x - 1) (a; + 2) dx = fix'' +x-2)dx 
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Ex. 4. I ^-^I— dx. 

Dividing by a^ and using negative exponents, we get 
Jt^Z^^+l dx = J (or' -2x-'+ x-^) dx 
= ln x + 2x-^-^x-^ + C 

fe. 5. fV2 x + l dx. 

li u = 2 X + i, du = 2 dx. We therefore place a factor 
2 before dx and ^ outside the integral sign to compensate 
for it. 

jy/2 X + 1 dx = i f{2x + 1)* 2 dx = i jw^ dw 

Apply IV with u = x^ + 1. Then dw = 2 x dx and 

/xdx 1 r2xdx 1 Cdu 1, , r» i ^/ » i i i n 

_ _ r4 X + 2 , 

Ex. 7. 1 ;^ —r dx. 

J 2x — 1 
By division, we find 

4x + 2^2 ■ 4 



2x-l ^2x-l 
Therefore 



Art. 4 Motion op a Particle 

EXERCISES 

Find the values of the following integrals: 

1. /(x- 3.3 + 5 x^)d.. 16. /^-|^ 

2. J(x^— -Adx. 17. fx Va2— x^dx. 



x' dx 
'■+ x' 



4. J"^V2^--L)dx. 19- Jx^VJJ^ridx. 

/• - 9n r 2x + a 

5. j Vx (x2 + 2x + 1) dx. ■*"• J x^ + ox + & 



(2 X. + a) dx . 



6. f(v^-V^)'dx. 21./- ^ 

"' . •' Vx' + ax + h 

7. fx (x + a) (x + b) dx. oo f '^'^' 
"^ J 1 - . 



8- /-^^— «^=>:- 23. jKa'-^O^di. 



^dx. 



0. /i=^±in-a... .. /(..^)^ 
/A- -/('-9-|- 

./ Vx 

X dx y--p3 — 2 



x' + 2 

xdi. 



/xdx /. 

^M^" 29. j 

V^^- 30. J(X3- 1) 

4. Motion of a Particle. — Let the acceleration of a 
particle moving along a straight line be a, the velocity v, 
and the distance passed over s. Then, 

dv ds 

a = 

Consequently, 



'' = dt' "^dt 



dv = a dt, ds = V dt. 
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If then o is a known function of the time or a constant, 

v = jadt + Ci, s -=Jvdt + d. (4) 

If the particle moves along a curve and the components of 
velocity or acceleration are known, each coordinate can be 
found in a similar way. 

Example 1. A body falls from rest under the constant 
acceleration of gravity g. Find its velocity and the distance 
traversed as functions of the time t. 

In this case 

dv 



Hence 



'^ = 5* = ^- 



v=Jgdt = gt + C. 



Since the body starts from rest, v = when t = 0. These 

values of v and t must satisfy the equation v = gt + C. 

Hence 

= g-0 + C, 

ds 
whence C = and v = gt. Since " = -jt, ds = gtdt and 



Jgtdt + C = igP + C. 



When t = 0, s = 0. Consequently, C = and s = § gf'. 

Ex. 2. A projectile is fired with a velocity Vo in a direction 
making an angle a with the horizontal plane. Neglecting 
the resistance of the air, find its motion. 

Pass a vertical plane through the line along which the 
particle starts. In this plane take the starting point as 
origin, the horizontal line as a;-axis, and the vertical line as 
j/-axis. The only acceleration is that of gravity acting 
downward and equal to g. Hence 

^ = ^=-g 

df ' dt^ ^' 
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Integration gives, 



dx _ „ dy _ 

dt ~^'' Tt~ 



■gt + C,. 



When < = 0, -j7 and -^ are the components of Vo. Hence 

Ci = Uo cos a, C2 = Do sin a , 
and 
dx 



di 



= Vo cos a, 




dy 

--2- = Do sin a — gt. 

Integrating again, we 
get 

X = vot cos a,- 

y = Vot sin a — i gt~, 
the constants being zero because x and y are zero when 
t = 0. 

5. Curves with a Given Slope. — If the slope of a curve 
is a given function of x, 



Fig. 4. 




dy 
dx 



=/w, 



then 
and 



dy = f (x) dx 
y=Jf{x)dx + C 



is the equation of the curve. 
Since the constant can 
have any value, there are an 
infinite number of curves 
having the given slope. If 
the curve is required to pass 
through a given point P, the 

value of C can be found by substituting the coordinates of P 

in the equation after integration. 



Fig. 5. 
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Example 1. Find the curve passing through (1, 2) with 
slope equal to 3 x. 
In this case 

^ = 2x. 
dx 

Hence 

2/ = J2xdx = x^ + C. 

Since the curve passes through (1, 2), the values x = 1, 
y = 2 must satisfy the equation, that is 

2 = 1 + C. 

Consequently, C — 1 and «/ = a;^ + 1 is the equation of the 
curve. 
Ex, 2, On a certain curve 

If the curve passes through (—2, 1) and has at that point 
the slope — 2, find its equation. 
By integration we get 

At (- 2, 1), a; ^ and ^ 2. Hence 

- 2 = 2 + C, 
or C = — 4. Consequently, 

y = J{h a;^ - 4) dx = I a;' - 4 X + C. 

Since the curve passes through (— 2, 1), 

1= -f + 8 + C 
Consequently, C = — 5f , and 

2/ = I x' - 4 X - 5| 
is the equation of the curve. 
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6. Separation of the Variables. — The integration formu- 
las contain only one variable. If a differential contains two 
or more variables, it must be reduced to a form in which 
each term contains a single variable. If this cannot be done, 
we cannot integrate the differential by our present methods. 

Example 1. Find the curves such that the part of the 
tangent included between the coordinate axes is bisected 
at the point of tangency. 

Let P {x, y) be the point at which AB is tangent to the 
curve. Since P is the middle 
point of AB, 

0A = 2y, 0S = 2x. 
The slope of the curve at P is 
dy ^ OA ^ y 
dx OB X 

This can be written 



dy .dx 
y X 



0. 




Since each term contains a single variable, we can integrate 
and so get 

\ny -\-\nx = C. 

This, is equivalent to 

hixy = C. 
Hence 

xy — e^ = k. 

C, and consequently k, can have any value. The curves 
are rectangular hyperbolas with the coordinate axes as 
asymptotes. 

Ex. 2. According to Newton's law of cooling, 



dt 



— kid — a), 



when k is constant, a the temperature of the air, and the 
temperature at the time i of a body coohng in the air. Find 
6 as a function of t. 
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Multiplying by dt and dividing by — a, Newton's 
equation becomes 

= —kdt. 

6 — a 

Integrating both sides, we get 

In (e - a) = -kt + C. 
Hence 

e - a = 6-''*+^ = e^e-*'. 

When < = 0, let e = do. Then 

do— a = e^ef = e^, 
and so 

6 - a= (do- a) e-'" 

is t'he equation required. 

Ex. 3. The retarding effect of fluid friction on a rotating 
disk is proportional to the angular speed co. Find u as a 
function of the time t. 

The statement means that the rate of change of co is pro- 
portional to ca, that is, 

do} , 

di = ^''' 

where k is constant. Separating the variables, we get 
— = kdt, 

CO 

whence 

In CO = kt + C, 
and 

CO = e*'+^ = e^e'". 

Let coo be the value of co when t = 0. Then 

coo = e* ■ " e'^ = e^. 
Replacing e^ by coo, the previous equation becomes 



CO = cooe*', 



which is the result required. 
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Ex. 4. A cylindrical tank full of water has a leak at the 
bottom. Assuming that the water escapes at a rate pro- 
portional to the depth and that iV of it escapes the first 
day, how long will it take to half empty? 

Let the radius of the tank be a, its height h and the depth 
of the water after t days x. The volume of the water at any 
time is wa^x and its rate of change 

„ dx 

This is assumed to be proportional to x, that is, 

ira^ -r; = kx, 
at 

where k is constant. Separating the variables, 
Tra^dx 



= kdt. 



Integration gives 



wa^ In rK = kt + C. 
When t = the tank is full and x = h. Hence 

ira-lnh = C. 
Subtracting this from the preceding equation, we get 

ira^ In T = kt. 
h 

When f = 1, a; = TT h. Consequently, 

TO^ In y'V = k. 
When X = ^h, 

ira^ In r i i 



f = ^^ = j^ = 6.57 days. 
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EXERCISES 

1. If the velocity of a body moving along a line is v = 2 t + 3 P, 
find the distance traversed between t = 2 and t = 5. 

2. Find the distance a body started vertically downward with a 
velocity of 30 ft. /sec. will fall in the time t. 

3. From a point 60 ft. above the street a ball is thrown vertically 
upward with a speed of 100 ft./sec. Find its height as a fmiction of 
the time. Also find the highest point reached. 

4. A rifle ball is fired through a 3-inch plank the resistance of which 
causes a negative constant acceleration. If its velocity on entering 
the plank is 1000 ft./sec. and on leaving it 500 ft./sec, how long does 
it take the ball to pass through? 

6. A particle starts at (1, 2). After t seconds the component of its 
velocity parallel to the a>axis is 2 1 — 1 and that parallel to the y-axis 
is 1— t. Find its coordinates as functions of the time. Also find the 
equation of its path. 

6 A bullet is fired at a velocity of 3000 ft./sec. at an angle of 45° from 
a point 100 ft. above the ground. Neglecting the resistance of the air, 
find where the bullet will strike the ground. 

7. Find the motion of a particle started from the origin with velocity 
vo in the vertical direction, if its acceleration is a constant X in a direc- 
tion making 30° with the horizontal plane. 

8. Find the equation of the curve with slope 2— x passing through 
(1, 0). 

9. Find the equation of the curve with slope equal to y passing 
through (0, 1). 

10. On a certain curve 

^ = 2^ + 3. 

ax 

If the curve passes through (1, 2), find its lowest point. 

11. On a certain curve 

If the curve passes through (— 1, 1) and has at that point the slope 2, 
find its equation. 

12. On a certain curve 

^^ = 2-3x. 
dx^ 

If the slope is — 1 at s = 0, find the difference of the ordinates at i = 3 
and X = 4. 
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13. The pressure of the air p and altitude above sea level h are con- 
nected by the equation 

dh '^^' 

where k is constant. Show that p = poe~'*, when po is the pressure at 
sea level. 

14. Radium decomposes at a rate proportional to the amount 
present. If half the original quantity disappears in 1800 years, what 
percentage disappears in 100 years? 

16. When bacteria . grow in the presence of unlimited food, they 
increase at a rate proportional to the number present. Express that 
number as a function of the time. 

16. Cane sugar is decomposed into other substances through the 
presence of acids. The rate at which the process takes place is propor- 
tional to the mass x of sugar still tmchanged. Show that x = ce-^t. 
What does c represent? 

17. The rate at which water flows from a small opening at the 
bottom of a tank is proportional to the square root of the depth of the 
water. If half the water flows from a cylindrical tank in 5 minutes, 
find the time required to empty the tank. 

18. Solve Ex. 17, when the cylindrical tank is replaced by a conical 
funnel. 

19. A sum of money is placed at compound interest at 6 per cent per 
annum, the interest being added to the principal at each instant. How 
many years will be required for the sum to double? 

20. The amount of light absorbed in penetrating a thin sheet of 
water is proportional to the amount falling on the surface and approxi- 
mately proportional to the thickness of the sheet, the approximation 
increasing as the thickness approaches zero. Show that the rate of 
change of illumination is proportional to the depth and so find the 
illumination as a function of the depth. 



CHAPTER 11 

FORMULAS AND METHODS OF INTEGRATION 

7. Formulas. — The following is a short list of integra- 
tion formulas. In these u is any variable or function of a 
single variable and du is its differential. The constant is 
omitted but it should be added to each function determined 
by integration. A more extended Ust of formulas is given in 
the Appendix. 

u^du = — r—t if n is not — 1. 
re + 1 

n. r^ = inu. 

J u 

III. / cos udu = sin u. 

IV. j sin udu = — cos u. 
V. / sec'' udu = tan u. 

VI. / esc" udu = — cot u. 

VII. / sec tt tan udu = sec u. 

VIII. / CSC u cot tt du = — esc M. 

IX. / tan udu = — In cos u. 

X. / cot u du = In sin u. 

XI. / sec u dlw = In (sec u + tan u). 



14 
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XII. I CSC u dtt = In (esc u — cot u). 

XIII. / — === = sin * — • 
J V a" - u" a 

XIV. r-^^, = ltan-^If. 
J w^ -\- a a a 

XV. f /" =lsec--^.* 

XVI. r , f" = In (u+Vu^±a^). 

XVII. / -a 5 = -— In — r- — 

J W" — a 2 a u + a 



XVIII. Ie"du = 



Any one of theSe formulas can be proved by showing that 
the differential of the right member is equal to the expression 
under the integral sign. Thus to show that 



f 



sec M dw = In (sec u + tan u), 

we note that 

J 1 . , , . (sec u tan u + sec^ u) du , 

a In (sec u + tan u) = ^- — = sec u du. 

sec u + tan u 

8. Integration by Substitution. — When some function 
of the variable is taken as u, a given differential may assume 
the form of the differential in one of the integration formulas 
or differ ^rom such form only by a constant factor. Inte- 
gration accomplished in this way is called integration by 
substitution. 

Each differential is the product of a function of u by du. 
More errors result from failing to pay attention to the du 

* In Formulas XIII and XV it is assumed that sin"-^ - is an angle in 

the 1st or 4th quadrant, and sec~' - an angle in the 1st or 2nd quadrant. 
In other cases the algebraic sign of the result must be changed. 
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than from any other one cause. Thus the student may 
carelessly conclude from Formula III that the integral of a 
cosine is a sine and so write 

/ cos 2 a: da; = sin 2 a;. 

If, however, we let 2 a; = u, dx is not du but | du and so 
/ cos 2 X dx = 4 / cos u dw = I sin M = I sin 2 x. 

Example 1. / sin' x cos x dx. 
If we let u = sin x, du = cos x dx and 
/sin3xcos.d. = /«3d. = i.. + C = isin^. + C. 

Ex.2. ^^i^*^^^ 



'■■It 



+ cos 4 X 

We observe that sin ^ a; da; differs only by a constant 
factor from the differential of 1 + cos J x. Hence we let 

M = 1 + cos 4 X. 
Then du = — ^ sin J a; dx, sin | x da; = — 3 du, 

r sin i X dx „ fdu „ , , „ 

and / r— -^ — j— =-3/ — =-31nM + C 

J 1 + cos 5 X J u 

= - 3 In (1 + cos 4 x) + C. 
Ex. 3. / (tan x + sec x) sec x dx. 

Expanding we get 

I (tan X + sec x) sec x dx = I tan x sec x dx + I sec^ x dx 
= sec X + tan x + C 



_ , f 3dx 



3x2 
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This resembles the' integral in formula XIII. Let u =x Vs, 
a = V2. Then du = V3dx and 

r s~ 

r 3dx ^ I V3 ^ ^ r du 
J V2-dx^ J Va2 - u^ ~ ^J Va^ - u^ 



= VS sin-i - + C = a/3 sin-i^^ + C. 
a V2 



Ex.5 • ^^ 



'•/; 



tV4:P-9 

This suggests the integral in formula XV. Let u =2t, 
a = 3. Then 

dt r 2dt r du 



r dt ^ r 2dt ^ r 

J t ^4 <2 - 9 ~ J 2t VAt^-Q ~ J ' 



;Vu2 



= - sec~i — \-C = -x sec~i ^r + C"- 
a a 3 3 



Ex. 



-■/ 



xdx 

V2 x^ + l 



This may suggest formula XVI. If, however, we let 
M = a; v2, rfu = \/2 dx, which is not a constant times- a; dx. 
We should let 

u = 2x^ + 1. 

Then a; (^x = j dw and 

/ xdx _ 1 r dw _ 1 r _j , 
V2x^ + \ ~ 4:J Vu~ 4:J'^ 

= ^V^ + C = i \/2x2 + l + C. 

Sx. 7. I e^^^'sec^xdx. 

If M = tan a;, by formula XVIII 

/ e*^''^sec2a;da; = / e''du'= e" + C = e*^""^ + C. 
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EXERCISES 
Determine the values of the following integrals: 

1. I (sin 2x— cos 3 x) dx. 21. I cos* a; sin a; dx. 

- r /2 X — 3\ , oo r sec^ X dx 

2. jeos(-^-)dx. 22. j Y+Yt^x' 

cos 2 X dx 



3. /sin („. + .)... 23. /^^i|£^. 

i r , 1 ,. J/, oA C sec' (ox) dx 

*• j^eoHfldfl. 24. j i^tan(ax) - 

6. /csc|cot|d9. 26. f-^ 



7, 

./ CI 

dx 



8. 

cos X dx 



!. I cos (x' — 1) X dx. 



4. I (secx — 1)2 dx, 
5. 



20, 



V3 - 2 x2 
2dx 



6. jcosflsinedfl. 26. f 

J J 3 x' + 4 

■ J cos^' 2^- / 



X V3 x2 — 4 
/sWx- 28. Jj^ 



. /" cos X dx 

J sin' X 29. I 

/"sinxdx 
J cos'x 30. T- 



12 !/' + 3 
dx 



dx 



• j(csc^-cot2Jcsc,2d9. /■ dx 

^ "'- J 3- 4x' 



/- I +sin3x , -' V4 x^ — 3 

^' J cos'Sx „„ /■(3x.-2)dx 



32. 
33. 



/; 



dx 



/- 



V4- 



/• 2x + 3 J 

f-^'^^dx. J v^Tl 

-/ cos X » „ I /I 



35. r^_ti^di. 

6. I (cos e — sin 0)« d9. J 4 x' — 5 

,. /• 5 X — 2 

J sin X 



cos X dx 



/• cos X d 
,8. jsin' V cos X dx. "J ^2 — si 

r QB rsinxcc 

.9. I tan^ X sec' x dx. *"'■ J "v^f^ 



sin^'x 
sin X cos X dx 



sin'x 
cos x dx 



/, on r cosxdx 

sec'xtanxdx. 39. } Y+^^ 
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40. C ^^"^ ^ '^^ 48 r_!!l^. 

J tan X Vtaa'i x — 1 ' -'1+e'^' 

., /"sec a; tan a; dz ^„ re^— e-* , 

J Vl-cosfl' BO- /e ' ^• 

*^- L[4-an.x)^]- 61. f^^,- 

. . /• sin I cos X dx J 1 + e 

J Vcos^x— sin^x ko f ^'^dx 



' cos' X — sin'' X 52 



J I — 



46. f ^^j^ . ''-^'' 

-/Vo*— X* ,- 6°" dx 

46. fe-!'^dx. ' ^ Vr^^l^^ 

47. JCe"^ +6-^-^)2 dx. 64. J_if_. 

9. Integrals Containing ax^ + bx + c. — Integrals con- 
taining a quadratic expression ax^ + bx + C can often be 
reduced to manageable form by completing the square of 
ax^ + bx. 

Example 1. / !^ — — - • 

Completing the square, we get 

Sx^ + Qx + 5 = 3ix^+2x + l) +2 = 3{x + iy + 2. 

If then u= {x + l)V3, 

r dx ^ r d (x + 1) ^ J_ C_ du 

J3x2 + 6a; + 5 j3(x + l? + 2 Vs J tJ 



^a;. 2. 



/ 



3(x + l)2 + 2 V3-'M' + 2 

= 1 tan-(^±ll^ + C. 
\/6 V2 

2 do; 



V'2 - 3 a; 



The coefficient of a;^ being negative, we place the terms a;' 
and 3 X in a parenthesis preceded by a minus sign. Thus 

2 - 3 X - x2 = 2 - (a;2 + 3 a;) = V- - (a; + I)'. 
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If then, M = a; + I, we have 

r ^dx _ ^ 2 f du ^ 2sin-' "^ + ^ + C 
J V2-SX-X' J Vy- - li' i Vvj 

Ex.3. r^i^MM=. 

Since the numerator contains the first power of x, we 
resolve the integral into two parts, 

dx 



r {2x-i)dx 1 r (8x+i)dx ^ r 

J V'4a;2+42;+2 4-' VI¥+Ix+2 J > 



V4a;2+4x+2 4-' V4a;2+4a;+2 -' V4:X^+4tx+2 
In the first integral on the right the numerator is taken equal 
to the differential of 4 x^ + 4 a; + 2. In the second the 
numerator is dx. The outside factors J and — 2 are chosen 
so that the two sides of the equation are equal.. The first 
integral has the form 

The second integral is evaluated by completing the square. 
The final result is 

r (2^-Jl^ ^ lV 4,. + 4. + 2 

J >/4a;2+4a; + 2 2 

-lri(2a; + l + V'4a;2 + 4a; + 2) +C. 

EXERCISES 

1 f '^^ 7 C (2 ^ + 5) da: 

Jx' + 6x + 13 J4:x'—ix—2' 

2. r dx 8_ J (2x-l)dx 

■^ V2 4- 4.-r— 4.-r2 



V2 + ix— 4x2 



9. 



/ 



Vs x2 — 6 X + 1 

xdx 
3 x2 + 2 X + 2' 



V3x2 + 4x + 2 .- r (2x + 3)dx. 



•^ybx^ + 4x + 2 j^ /• 

/• (jx ' -^ (2x + l)V4x2+4x- 

J Vl+5x-5x2' 11. r (3x-3)dx _ 

J (x '— 2x + 3)1 

J (x-3)V2x^l2x+15* 12. J \^~^dx. 

dx 19 r ^^^ 

(s+a)(x + b)' "■ J. 



(s+a)(x + b) J. 262^ + 36*— 1 
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10. Integrals of Trigonometric Functions. — A power of 

a trigonometric function multiplied by its differential can be 
integrated by Formula I. Thus, if w = tan x, 

I tan* X • sec^ xdx = j u'^du = i tan^ x + C. 

Differentials can often be reduced to the above form by 
trigonometric transformations. This is illustrated by the 
following examples. 

Example 1. / sin* x cos' x dx. 

If we take cos x dx as du and use the relation cos^ x = 
1 — sin'' x, the other factors can be expressed in terms of 
sin x without introducing radicals. Thus 

I sin* X cos' xdx = f sin* x cos^ x • cos x dx 

= j sin* x(l — sin^ x) dsmx = I sin^ x — } sin' x + C. 

Ex. 2. / tan' x sec* x dx. 

If we take sec^ x dx as du and use the relation sec^ x = 
1 + tan^ X, the other factors can be expressed in terms of 
u = tan X without introducing radicals. Thus 

/ tan' X sec* xdx = j tan' x • sec^ x • sec^ x dx 
= j tan' x{l+ tan^ x) d tan x 
= itan*x + 4tan*a; + C. 
Ex. 3. / tan' x sec' x dx. 
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If we take tan xsecxdx = d sec x as du, and use the rela- 
tion tan^ X — sec^ x — 1, the integral takes the form 

/ tan' X sec' xdx= j tan^ x • sec^ x • tan x sec x dx 

= / (sec^ X — \) sec^ a; ■ d sec a; 

= \ sec^ a; — I sec' a; + C 

Ex. 4. / sin 2 a; cos 3 x dx. 

This is the product of the sine of one angle and the cosine 
of another. This product can be resolved into a sum or 
difference by the formula 

sin A cos B = J [sin {A + B) -{- sin {A - B)]. 
Thus 

sin2a;cos3a; = 4 [sin5a; + sin (— a;)] 
= 2 [sin 5 X — sin x] 
Consequently, 

/ sin 2 a; cos Zxdx = ^ I (sin 5 a; — sin x) dx 

= — tV cos 5 a; + ^ cos x-\- C. 
Ex. 5. / tan* a; da;. 

If we replace tan'' x by sec^ x — 1, the integral becomes 
/ tan* a; da; = / tan'a; (sec^x — l)dx = Jtan^x — / tan'xdx. 
The integral is thus made to depend on a simpler one 
/ tan' X dx. Similarly, 

/ tan' xdx = f tan x (sec'' a; — 1) dx = ^ tan^ x + In cos x. 
Hence finally 

/ tan* xdx = z tan* x — I tan" x — In cos x + C. 



Art. 12 



Tbigonombteic Substitutions 
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11. Even Powers of Sines and Cosines. — Integrals of 
the form 



/ sin" X cos" X dx, 



sin'^u 


= 


1 — COS 2 U 
2 


cos^u 


= 


I + cos 2 u 

2 ' 


sin u cos u 





sin 2u 



where m or n is odd can be evaluated by the methods of 
Art. 10. If both m and n are even, however, those methods 
fail. In that case we can evaluate the integral by the use 
of the formulas 



(11) 



Example 1. I cos'^xdx. 

By the above formulas 

/ cos* xdx= I (cos2 xy dx = j ( _±_^!_? j 

= Ai + I cos 2 a; + i cos^ 2 x) 

= j [I + I cos 2 a; + 1(1 + cos 4 a;)] dx 

= f X + i sin 2 a; + s'j sin 4 a; + C 

Ex. 2. / cos^ a; sin^ a; da;. 

j cos^ X sin^ xdx = j i sin^ 2 a; da; = / | (1 — cos 4 a;) da; 

= 8 ^ — ^V sin 4 a; + C. 

12. Trigonometric Substitutions. — Differentials con- 
taining Vo^ — x^, Vo^ + x', or Va;2 — a', which are not 



da; 
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reduced to manageable form by taking the radical as a new 
variable, can often be integrated by one of the following 
substitutions: 

For Va^ — x^, let a; = a sin Q. 

For VoM-"^, let a; = a tan B. 
For Va;2 — a^, let x = a sec 5. 

Example 1. / Vo^ — x^ dx. 

Let a; = asinS. Then 

Va'' — 3? = a cos Q, dx = a cos 8 dd. 
Consequently, 

CVa^-x^dx = a^ Ccos^ddB = ^^0 + isin2e] + C. 
Since a; = a sin 6, 

B = sva.^-> - sm2e = sm0cos0 = ; • 

a 2 a? 

Hence finally 

CVa'-x^dx = ^sin-i^+|Va2-a;2 + C. 



If we let a; = <x tan 6, a;^ + a^ = a^ sec^ d, dx = a sec^ 5 d^, 
and 

f rfa; 1 r rfe 1 r , o J. 



= jj-j (9 + sin cos 0) + C. 



Since 



X — a tan 0, = tan~^ -, sin cos 6 = 



a' a^ + x^ 

Hence 

/ dx _ If _i a; , aa; "| „ 
(x^ + a^)== " 2^4 a'''a2 + a;0'^ 
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EXERCISES 

1. fsin^xdx. 21. jsin''axdx. 

2. j cos* X dsc. 22. j cos^ ax dx. 

3. r (cos s + sin a;)' dx. 23. jcos^ x sin* a: dx. 

4. jcos^xsin'xdx. 24. J cos* I x sin* | x dx. 

6. j sin* J X cos' § xdx. 25. j sin« x dx. 

dx 



6. fsin' 3 9 cos» 3 9 d9. 26. jj 

7. J(cos2e-sitf9)sin9d9. 27. J^-j-^— • 

g_ rcos^xdx_ 28. vnris-ed9. 

J 1 — sin X 

g_ rcos^xdx^ 29_ fv^Tir^^dx. 

J sin X '' 

Q_ pin°9d9. 3o_ fV^T^^dx. 

J cos 9 i/ 

I sec* X dx. 31. J 



x'dx 
Vx2 + a* 



Ccsc'Oydy. 32. f — ^^ — ■,• 

J J (x'—a')^ 

.3. ftan^xdx. 33 C ^ 



Vo2 — x^ 



■ ■ J sec 9 + tan 9 ' 34. f ^' 

/, , . "^ X V2 ax — X- 

tan 5 X sec" J x dx. ^ „ j_ 
35. f^^. 

tan6 2xsec»2xdx. ^ ' 

, 36. f x' Vx2 + o* dx. 
I cot' xdx. 

•^ 37. r '^^ 

.8. Jtan'xdx. " -/ x" Vx^ + a^ 

r cos" x dx 38. rVx*— 4x + 5dx. ' 
J sin'x 

/ C (x* — x) dx 

sec' X CSC xdx. ^»- J V 2- 2x- 4x^ 
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3.3- Integration of Rational Fractions. — A fraction, such 
"as 

3^ + Bx 
x^-2x-3' 

whose numerator and denominator are polynomials is called 
a rational fraction. 

If the degree of the numerator is equal to or greater than 
that of the denominator, the fraction should be reduced by 
division. Thus 

a;' + 9x4-12 , „ , 10 a; + 6 

= X + z -f- 



x'-2x-3 ' a;2-2a; + 3 

A fraction with numerator of lower degree than, its denomi- 
nator can be resolved into a sum of partial fractions with 
denominators that are factors of the original denominator. 
Thus 

10a; + 6 10a; + 6 _ 9 1 

a;2-2a;-3 (x-3)(a;+l) x-3'^a; + l' 

These fractions can often be found by trial. If not, pro- 
ceed as in the following examples. 

Case 1. Factors of the denominator all of the first degree 
and none repeated. 

Dividing numerator by denominator, we get 

x* + 2a; + 6 ,, 3x^ + 6 

= X — 1 



oc^ + x^ — 2x 3? -{■ x^ — 2x 

3a;2 + 6 



= a;-l + 



Assume 



a; (a; - 1) (a; + 2) 
3x^ + 6 A , B , C 



X (x - 1) (x + 2) X X - 1 ' X + 2 
The two sides of this equation are merely different ways of 
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writing the same function. If then we clear of fractions, the 
two sides of the resulting equation 

3x^ + 6 = A{x- l)\x + 2) + Bxix + 2) + Cx {x -1) 
= {A + B + C) x" + {A + 2B - C) X - 2 A 

are identical. That is 

A+B + C = Z, A+2J5-C = 0, -24 = 6. 

Solving these equations, we get 

A = - 3, B = 3, C = 3. 

Conversely, if A, B, C, have these values, the above equa- 
tions are identically satisfied. Therefore 

= i a;2 - a; - 3 In a; + 3 In (x - 1) + 3 In (a; + 2) + C 
= L^-. + 31n (--^^(- + ^^ + C. 

Jt X 

The constants can often be determined more easily by 
substituting particular values for x on the two sides of the 
equation. Thus, the equation above, 

Sx'' + Q = A{x - 1) (,x + 2) +Bx{x + 2)'+ Cx {x - 1) 

is an identity, that is, it is satisfied by all values of x. In 
particular, if a; = 0, it becomes 

6= -2A, 

whence A = — Z. Similarly, by substituting x = 1 and 

a; = — 2, we get 

9 = 3 B, 18 = 6 C, 
whence B = 3, C = 3. 

Case 2. Factors of the denominator all of first degree 
but some repeated. 



jBa;. 2. 



/ 



(8 x^ + 7) dx 
(a; + 1) (2 a; + 1)3' 
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Assume 

8x^ + 7 " ^ I B C D 

Corresponding to the repeated factor (2 a; + 1)'> we thus 
introduce fractions with (2 a; + 1)' and all lower powers as 
denominators. Clearing and solving as before, we find 

A = 1, B = 12, C = - 6, Z) = 0. 
Hence 

J (a;+l)(2a;+l)'''^ J La;+1^ (2a;+l)3 (2a; + l)2j''^ 
= ln(x + l)-^2^^ + 2^ + C. 

Case 3. Denominator containing factors of the second 
degree but none repeated. 



„ „ r4a;2 + a;+l. 



The factors of the denominator are a; — 1 and a;^ + a; + 1. 
Assume 

4a;^ + a;+ 1 ^ A Bx + C 

a;3-l X- l'^ x^ + x + l' 

With the quadratic denominator a;^ + a; + 1, we thus use a 
numerator that is not a single constant but a Unear function 
Bx + C. Clearing fractions and solving for A, B, C, we find 

A =2, B = 2, C = 1. 
Therefore 

J x' — 1 J Va; — 1 a;^ + a; + 1/ 

= 2 In (a; - 1) + In (a;2 + X + 1) + C. 

Case 4. Denominator containing factors of the second 
degree, some being repeated. 

„ . r a;3 + 1 , 
Ex. 4. / — , „ , ,,o dx. 



(x^+iy' 
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Assume 

a^+l A Bx + C Dx + E 
X (x2 + 1)2 x'^ (x2 + 1)2 "^ a;2 + 1 ' 

Corresponding to the repeated second degree factor (x^ + 1)^, 
we introduce partial fractions having as denominators 
(a;2 + 1)2 and all lower powers of x^ + 1, the numerators 
being all of first degree. Clearing fractions and solving for 
A,B,C, D, E, we find 

A = l, B=-l, C=-l, D=-l, E=l. 
Hence 

r x^ + 1 ^ rri _ a:+l _ X- 1 

J x{x^+ ly J Ix (a;2 + 1)2 a;2 + 1 '^^ 

1 X ,1, _, X — 1 , „ 

= m , + - tan '■x — ■ 



V^^+1 '2 2(a;2 + l) ' ^- 

p 
14. Integrals Containing (ax + 6)*. — Integrals contain- 

p 

ing (ax + 6)9 can be rationalized by the substitution 
ax + b = z". 

If several fractional powers of the same linear function 
ax + h occur, the substitution 

ax-\-h'= z" 

may be used, n being so chosen that all the roots can be 
extracted. 

Example 1. I 7=- 

J 1 + Vx 

Let X = z^. Then dx = 2zdz and 

= 2z- 21x1(1 +z)+C 

= 2 V^ - 2 In (1 + v^) + C. 



Ex.2. f (^--f 
J (2a; -3)^ + 1 
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To rationalize both (2<c — 3)^ and (2 a; — 3)*, let 
2 a; - 3 = z". Then 



J(2a;-3)' + l J z' + 1 J\ z'+l/ 

= 3(y - I' +f - 3 + tan-iz) +C 
= f (2x-3)J-f (2a;-3)^ + (2a;-3)^ 



- 3 (2 a; - 3)« + tan-i (2 a; - 3)^ + C7. 



1. 

2. 

3. 

4. 

6. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 



x''— 3x + 2 



J x^ — 

S 



a;' + x' 



dx. 



EXERCISES 
14. 



2x + 3 

X^ + X 

x^' + l 



(ix. 



-dx. 



J X (x^ - 1) ' 

4x'— X 

xdx ~ 

(x + l)(x + 3)(x + 5)' 

16 X dx 

(2x-l)(2x-3)(2x-5)' 

J x'— x' 

x'^dx 



(x + Dix-iy 
dx 



f 

J (x" - ly 

/ dx 
X*— X* 

J x^dx 
(x^— 4)2' 
/ xdx' 



x' + 1 

x'dx 

xMH!' 



dx 



x° — x' + x^ — 1 
2 x2 + X — 2 



dx. 



20. 



21. 



22. 



23. 



24, 



26. 



/ x*dx 
X*- 1 

/dx 
: 

s 

/ 

r x* + 24 x' - 8 X 
J (i'-8)2 

r (x + l)*dx 

./ X 

/ x' — X' 

J X Vax + 6 dx 

rVx+2— 1 

/ 



dx. 



x + 3 
dx 



dx. 



dx. 



f 



(xi-l)(x* + l) 
dx 



Vx + 1 - Vx — 1 
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15. Integration by Parts. — From the formula 

d (uv) = udv + udv 
we get 

udv = d (uv) — V du, 
whence 

j udv = uv — I vdu. (15) 

If I vdu is known this gives / v du. Integration by the 
use of this formula is called integration by parts. 

Example 1. jhixdx. 

Let u = In X, dv = dx. Then du = — , v = x, and 

' X 



dx 

X 



j In X dx = \n x- X — I x 

= x{\nx-l) +C. 

Ex. 2. / x^ sin x dx. 

Let u = x^ and dv = sin x dx. Then du = 2 x dx, v 
— cos X, and 



I x^ sin xdx = —x" cos x -\- I 2x cos x 



dx. 



A second integration by parts with u = 2 x, dv = cos x dx 
gives 

j 2x cos xdx = 2xsmx — j 2 sin xdx 

= 2 a; sin a; + 2 cos a; + C. 
Hence finally 

/ x" sin xdx = —x^ cos a; + 2 a; sin a; + 2 cos x-\-C. 
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The method of integration by parts applies particularly 
to functions that are simplified by differentiation, like In x, 
or to products of functions of different classes, like x sin x. 
In applying the method the given differential must be re- 
solved into a product u • dv. The part called dv must have 
a known integral and the part called u should usually be 
simplified by differentiation. 

Sometimes after integration by parts a multiple of the 
original differential appears on the right side of the equation. 
It can be transposed to the other side and the integral can 
be solved for algebraically. This is shown in the following 
examples. 



f^ 



Ex. 3. / Va^ - a;2 dx 



Integrating by parts with u = Va^ — x^, dv = dx, we get 

— x^dx 

x^ 



/Va^ — x^dx = x Va'^ — x^ — / . 



Adding a? to the numetator of the integral and subtracting 
an equivalent integral, this becomes 



/v a^ — x'^dx = x V a^ — x^ — / , ■. dx+a^ I , 

J Va^ -x^ J Va2 - 

= X Va^ — x^—\ Va^ — x^dx-l-d^ / . 

J J Va^-x 

Transposing fVa^ - x^dx and dividing by 2, we get 



/ 



Va^ _ a;2 rfa; = ? Va2 - x2 + 1- sin-^ ^ + c. 



Ex. 4. / e^" cos hx dx. 

Integrating by parts with u = e"^, dv = cos hx dx, we get 

/, , e"^ sin 6a; a C „^ . , , 
6°"= cos ox dx = — T r I e sm ox dx. 
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Integrating by parts again with u = e"^', dv = sin 6a; da;,- 
this becomes 

/, , e"^ sin bx af e'^'cosbx , a T „^ . , , 1 
e"^ cos bx dx= r r r h^ / e"^ sin bx ax 

(b sin bx -\- a cos bx\ (^ C „ • -, , 
= e"^ ( r^ ) ~ 7,2 / ^ ^1"^ "^ ^^• 

6^ _ 
Transposing the last integral and dividing by 1 + -^, this 



gives 



/, , lb sin bx -\- a cos bx\ 
e""' cos bx dx = e°^ I TXTi ) ' 



16. Reduction Formulas. — Integration by parts is often 
used to make an integral depend on a simpler one and so to 
obtain a formula by repeated application of which the given 
integral can be determined. 

To illustrate this take the integral 



/ 



sin" X dx, 



where n is a positive integer. Integrating by parts with 
u = sin""' X, dv = sin x dx, we get 

/ sin" xdx= — sin"~' x cos x+ / (n — 1) sin"~^ x cos^ x dx 

= — sin"~' X cos a; + {n— 1) / sin"-^ x (1 — sin^ x) dx 
= —sin"-' X cos a; + (n— 1) / sin""^ x dx 

— (n—1) j sm^xdx. 

Transposing the last integral and dividing by n, we get 

/. „ , sin""' a; cos X , n — 1 r . „_„ , 
sm" xdx = I sin" ^ x dx. 
n n J 

By successive application of this formula we can make 
/ sin" X dx depend on I dx ov j sin x dx according as n is 
even or odd. 
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, Example. l sin^ x dx. 

By the formula just proved 

/. „ , sin^ a; cos a; , 5 r . . , 
sin" xax = ^ ^ R I ^^^ ^ "■'' 

sin^ a; cos a; , 5 f sin' a; cos a; , 3 T . „ ,1 
= g + g[ ^ + Jsm^a;da:J 

sin^xcosa; 5 . , 5 . , 5 , ^ 

= ;; pr7 sin' a; cos a; — -7;Sina;cosa;+T7;a^ + f'. 

o ^4 lb lb 

EXERCISES 

1. j X cos 2 X dx. 11. Jx* er" dx. 

2. Jin X • X dx. 12. J" (x — 1)^ sin (2 x) dx. 

3. Jsin-xdx. • , i3_ JVi?:^^dx. 

4. I X tan-' X dx. ^ , 

•^ 14. J Vo2 + x'' dx. 

6. fin (x + Va^ + xO dx. 

g_ /- Inxdx , "• J«^8in3xdx. 

• J Vx - 1 ^ 

^ J, 16. I e^ cos X dx. 

7. Jin (In x)^. J 

8. Jx=sec-xdx. "• /«-^sin2xdx. 

9. Je-^ln(e* + l)dx. ". faeo'ddS. 

10. Cx^e'dx. 19. fsin 2 X cos 3 X dx. 

20. Prove the formula 

/_ , , , sec"-* X tan x , n — 2 /• -_.,,, 
sec" (i) dx = z r I sec"-* (x) dx. 
ra — 1 n— IJ 

and use it to integrate j sec* x dx. 

21. Prove the formula 

f,,.-.,.dx=^Jf^^^Ji.-x,-^dx 
and use it to integrate j (a^ — x^)* dx. 
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DEFINITE INTEGRALS 

17. Summation. — Between x = a and x = 6 let f{x) be 
a continuous function of x. Divide the interval between a 
and b into any number of equal parts Ax and let Xi, x^, . . . 
x„, be tbe points of division. Form the sum 

/(a)Aa;+/(a;i)Aa;+/(a;2)Aa;+ • ■ • +/(a;JAa;. 

This sum is represented by 
the notation 

Since / (a), /(xi), / (xa), 
etc., are the ordinates of 
the curve y = f (x) at 
X = xi, Xi, etc., the terms 
j {a) Ax, f {x^) Ax, f {xi) Ax, 
etc., represent the areas of the rectangles in Fig. 17a, 

and 2) / (^) ^^ i^ the sum of those rectangles. 
Example 1. Find the value of 2j ^^ ^^ when Ax = j. 

The interval between 1 and 2 
is divided into parts of length 
Ax = |. The points of division 
£tre li, li. If. Therefore 

^[x^Ax = V-Ax+ (f)2Aa; + 
(|)2Aa; + (|)?Aa; 
= -«#- Aa; = */- • i = 1.97. 

Ex. 2. Find approximately the area bounded by the 
z-axis, the curve y = V^, and the ordinates x = 2, a; = 4. 
From Fig. 176 it appears that a fairly good- approxima- 
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Fig. 17a. 




Fig. 176. 
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tion will be obtained by dividing the interval between 2 and 
4 into 10 parts each of length 0.2. The value of the area 
thus obtained is 

^yxAx={V2+V2^+V2A+ ■ ■ ■ +V3i8) (0.2) =3.39. 

The area correct to two decimals (given by the method of 
Art. 20) is 3.45. 

18. Definite and Indefinite Integrals. — If we increase 
indefinitely the number of parts into which 6 — a is divided, 

the intervals Ax approach zero and ^ / (x) Ax usually 

approaches a limit. This limit is called the definite integral ' 
of / (x) dx between x = a and x = b. It is represented by 

/ / (x) dx. 



the notation 



That is 
r/(a;)rfa; = limXV(^)Ax. 



(18) 



The number a is called the lower limit, b the upper limit of 
the integral. 

In contradistinction to the definite integral (which has a 
definite value), the integral that we have previously used 
(which contains an undetermined constant) is called an in- 
definite integral. The 
connection between the 
two integrals will be 
shown in Art. 21. 

19. Geometrical 
Representation. — If 
the curve y =f (x) lies 
above the x-axis and 
a < b, as in Fig. 17a, 

/ / (x) dx represents 

the limit approached by the sum of the inscribed rectangles 
and that limit is the area between x = a and x = b bounded 
by the curve and the x-axis. 




Fig. 19a. 
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At a point below the x-axis the ordinate / (x) is negative 
and so the product / (x) Ax is the negative of the area of the 
corresponding rectangle. Therefore (Fig. 19a) 

"^ ^f (x) Ax = (sum .of rectangles above OX) 

— (sum of rectangles below OX), 
and in the hmit 

f (x) dx = (area above OX) — (area below OX) (19a) 



£ 




Fig. 196. 

If, however, a > 6, as in Fig. 196, x decreases as we pass 
from a to b, Ax is negative and instead of the above equation 
we have 

■•6 



i: 



f {x) dx = (area below OX) — (area above OX). (19b) 






Example 1. Show graphically that / sw?xdx = Q. 

The curve y = sin' x is 
shown in Fig. 19c. Be- 
tween a; = aiid a; = 27r the 
areas above and below the 
X-axis are equal. Hence 

J^27r 
sin'xdx = Ai— ^2 = 0. 




iw 



Fig. 19c. 



Ex. 2. Show that 



/ e-^° dx = 2 j 'e-^' dx. 
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The curve y = e-"' is shown in Fig. 19a. It is symmetrical 

with respect to the y-axis. 
The area between x = —1 
and a; = is therefore equal 
•to that between a; = and 
a; = 1. Consequently 




Fig. 19d. 

EXERCISES 
Find the values of the following sums: 

1. ^ xAx, Ax = f. 

2. >, — ) Aa; = 1. 

3. V^ <^Ax, Ax = §. 

4. Show that 



= 2 Pe-^'dx. 
Jo 



/, sma; 



Ax 



'6 



approximately. Use a table of natural sines and take Ax = ^• 

5. Calculate x approximately by the formula 
M Ax 



-'XIt 



+ X2 



Ax = 0.1. 



6. Find correct to one decimal the area bounded by the parabola 
2/ = x", the X-axis, and the ordinates x = 0, x = 2. The exact area 
is f . 

7. Find correct to one decimal the area of the circle x^ + y' = 4. 
By representing the integrals as areas prove graphically the following 

equations : ~ ' 

8. f sin (2 x) dx = 0. 

/-2?r 

9. I cos' X dx = 0. 

IT 

sin* X dx = 2 I sm'' x dx. 

•'0 



Debivativb of Akea 



39 



dx 



0. 



'S!t 



dx 



Art. 20 

11 f^ _xdx 

J— a 1 

12. T't , 

13. f/ (x) ds = r"/ (a - x) rfa;. 

20. Derivative of Area. — The area A bounded by a 
curve 

2/ = / W, 

a fixed ordinate x = a, and a movable ordinate MP, is a 
function of the abscissa x of the movable ordinate. 

Let X change to a; + Ax. 
The increment of area is 
AA = MPQN. 

Construct the rectangle 

MP'Q'N equal in area to 

MPQN. If some of the 

points of the arc PQ are 

above P'Q', others must be 

below to make MPQN and 

MP'Q'jy equal. Hence P'Q' 

intersects PQ at some point R. Let y' be the ordinate of R. 

Then y' is the altitude of MP'Q'N and so 

AA = MPQN = MP'Q'N = y' Ax. 
Consequently 




Fig. 20. 



AA 

Ax 



= 2/'. 



When Ax approaches zero, if the curve is continuous, y' 
approaches y. Therefore in the hmit 
dA 



dx 



= y =f(.x). 



(20a) 



Let the indefinite integral of/ (x) dx be 
Jf{x)dx = F{x) + C. 
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From equation (20a) we then have 

A = Cf{x)dx = F(x)+C. 

The area is zero when x = a. Consequently 
= F{a)+C, 

whence C = — F (a) and 

A =F{x) -F(a). 

This is the area from x = a to the ordinate MP with abscissa 
X. The area between a; = aandx = 6 is then 

A=F(b)-F{a). (20b) 

ice F 

b 

notation F ix) 



The difference F {b) — F (a) is often represented by the 

b 

, that is, 



F(x) 



F(b)-F (a). (20c) 



21. Relation of the Definite and Indefinite Integrals. — 

The definite integral i / (x) dx is equal to the area bounded 

by the curve y = / (x), the x-axis, and the ordinates x = a, 
x = b. If 

Jf(,x)dx = F{x)+C, 

by equation (20b) this area is F (b) — F (a). We therefore 
conclude that 

b 



Jj{x)dx = F{x) 



= F(P)-F (a), (21) 



that is, to find the value of the definite integral j f (x) dx, 

substitute x = a, and x = b in the indefinite integral I / (x) dx 
and subtract the former from the latter result. 



Art. 22 
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Example. Find the value of the integral 
"1 dx 



r 

I/O 



1+x^ 



The value required is 

r dx 

Jo 



l+a;2 



tan~i x = tan~i 1 — tan~' = t- 

lo 4 



22. Properties of Definite Integrals. — A definite inte- 
gral has the following simple properties: 

I. rf(x)dx=^ - f'^fix)dx. 

fJ a fJb 

II. r / (x) dx = ff (x) dx + ff (x) dx. 

III. / fix) dx = (b - a)fixi), a ^ Xi, = b. 

The first of these is due to the fact that if Lx is positive 
when x varies from a to 6, it is negative when x varies from 
h to a. The two integrals thus represent the same area with 
different algebraic signs. 

Y 




Fig. 22o. 



Fig. 226. 



The second property expresses that the area from a to c 
is equal to the sum of the areas from a to 6 and 6 to c. This 
is the case not only when h is between a and c, as in Fig. 22a, 
but also when 6 is beyond c, as in Fig. 226. In the latter 

case / / (x) dx is negative and the sum 

rf{x)dx+ rfix)dx 

J a. Jb 

is equal to the difference of the two areas. 
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Equation III expresses that the area PQMN is equal to 
that of a rectangle P'Q'MN with 

Q altitude between MP and NQ. 

Q' 23. Infinite Limits. — It has 

been assumed that the limits a 
and b were finite. If the integral 




U a 



dx 



Fig. 22c. 

approaches a limit when b increases indefinitely, that limit 

/ (x) dx. That is, 

f f (x) dx = lim pf (x) dx. (23) 

If the indefinite integral 

Jj{x)dx = F{x) 

approaches a limit when x increases indefinitely, 

f"/ {x) dx = lim [F (b) - F (a)] = F (oo) - F (a). 

The value is thus obtained by equation (21) just as if the 
limits were finite. 

Example 1. J^ jf^,- 

The indefinite integral is 
dx 



It 



+ X' 



= tan~' X. 



When x approaches infinity, this approaches ^. Hence 



JflQO 
D r 



dx 

+ T 



= tan~i X 



TT 

2 
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Ex. 2. / cosxdx. 



JCOSX( 




The indefinite integral sin x does not approach a limit 
when x increases indefinitely. Hence 



/: 



cos x dx 



has no definite value. 

24. Infinite Values of the Function. — If the function 

/ (x) becomes infinite when x = b, j f{x)dxis defined as 

the limit 

Jf (x) dx = lim I / (x) dx, 
a z = b Oa 

z being between a and b. 
Similarly, if / (a) is infinite, 

/ / {x) dx = lim / / (x) dx, 

\J a z = a Oz 

z being between a and b. 

If the function becomes infinite at a point c between a and 

b, I f (x) dx is defined by the equation 

f''fix)dx= rfix)dx+ rf{x)dx. (24) 

Ua t/a t/c 

Example 1. / -r7=- 
J-iVx 

When X = 0, -^i= is infinite. We therefore divide the 

Vx 

integral into two parts : 

r—= r°— -I- r dx _ 3 3 
J-,Vi J_,<^^Jo<^~ 2+2-"- 
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dx 



Ex. 2. . 2 



If we use equation (21), we get 



rdx^_ 1 
J -\ x^ X 



1 

= -2. 

-1 



Since the integral is obviously positive, the result — 2 is 

absurd. This is due to the fact that -: becomes infinite 

x^ 

when a; = 0. Resolving the integral into two parts, we get 
fidx^ ndx , f^dx 

25. Change of Variable. — If a change of variable is 
made in evaluating an integral, the limits can be replaced by 
the corresponding values of the new variable. To see this, 
suppose that when x is expressed in terms of t, 



Ss 



\f{x)dx = F{x) 
IS changed into 

' <f>{t)dt = ^ (t). 



I* 



If tn, h, are the values of t, corresponding to Xo, Xi, 

F (Xo) = # (<o), F {Xy) = * ik), 
and so 

F {x,) - F (xo) = * (<i) - $ {to), 
that is 



r'fix)dx= f 4>{t] 



(t) dt. 



If more than one value of t corresponds to the same value 
of X, care should be taken to see that when t varies from U 
to h, X varies from Xo to Xi, and that for all intermediate 
values, / (x) dx = (p (t) dt. 



Example. f Va^ — x^ dx. 
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Substituting a; = o sin d, we find 

JV^i^^^^dx = a^Jcos^ddd = f r« + ?^^1. 

When X = a, sinfl = 1, and ^ =|- When x = —a, sin 9 
= — 1 and 9 = —^. Therefore 



TT IT 

j''Va^-x^dx = a^ j cos^ede=^\d+^shi2df = 



T 

2 2 



Since sin | tt = — 1, it might seem that we could use | ir 
as the lower limit. We should then get 



1/3 I 






This is not correct because in passing from %-k io \-k, Q 
crosses the third and second quadrants. There cos Q is 
negative and 

Va^ — x^ dx — {—acos 6) cos d dd, 
and not o^ cos^ d dS as assumed above. 

EXERCISES 
Find the values of the following definite integrals: 

6. j I In s dx. 



6 

J-" dx 
£ Va^ — x^ 



sec^ X dx. 
dx 



2. 

2 

3. C (x — iydx. 

-'—2 



7. r ^5 



8. ( tan X dx. 

J IT 



4. I , :• 9. I Kea + e "Jdx. 

•'-s V.r2 4- 144 Jo ^ ' 



6. 



-5 \/a;2 + 144 

v: 



f^^sm^ede. 10- j^ 



s 
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I 13. C'" e-'^'xdx. 

11. I csc'xdx. ''° 



■'I X V x" — 1 



Evaluate the following definite integrals by making the change of 
variable indicated: 



- /: 



X = tan 9. 



(1 + x')^ 



r* Vr — 1 
16. I -^ -dx, x-l=z'. 

-'I X 



•/a 



X 

i dz 1 

2 = -• 



'i z Vz2 + 1 

TT 

/•2 cos 9 da 

Jo 6 - Ssinfl + sin^fl' '' 



CHAPTER IV 

SIMPLE AREAS AND VOLUMES 

26. Area Bounded by a Plane Curve. Rectangular 
Coordinates. — The area bounded by the curve y =/(a;), 
the a;-axis and two ordinates x = a, x = b, is the Hmit 
approached by the sum of rectangles y Aa;. That is, 




Fig. 26a. 



Fig. 26b. 



A = hm 2) 2/ Ax = / ydx == f f{x)dx. (26a) 

Similarly, the area bounded by a curve, the abscissas 
y — a,y = b, and the y-a.xis is 

A =lim'IlxAy = I xdy. ^ (26b) 

Example 1. Find the area bounded by the curve a; = 2 + 
y — y^ and the 2/-axis. 

47 
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The curve (Fig. 26c) crosses the y-axis at y = 
y = 2. The area required is, therefore, 



Chap. 4 

— 1 and 



Y 


2 




m/////////MmM 









y^ X 




—\ 



Fig. 26c. 




A = J^^xdy = J\2 + y - y^) dy = 2y + 



Ex. 2. Find the area within the circle x'^ + y^ = 16 and 
parabola x^ = Qy. 

Solving the equations simultaneously, we find that 
the parabola and circle intersect at P (— 2V'3, 2) and 
Q (2Vs, 2). The area MPQN (Fig. 26d) under the circle is 



/: 



2V3 /'2v'3 15 ^ 

ydx= f V16-a;2da; = ^7r+4V3. 
1/-2 ' 



2^3' 



-2^3 



The area MPO + OQN under the parabola is 



f: 



'2V3 3.2 s ^ 

^da; = |V3. 



'-2V3 6 

The area between the curves is the difference 

MPQN - MPO - OQN = J/^r + J Vs. 

Ex. 3. Find the area within the hypocycloid x = a sin' <^, 
y = a cos' (>. 



Art. 26 RECTANGtriiAB Coordinates 

The area OAB in the first quadrant is 

J' ydx= f a cos' <^ • 3 a sin^ <^ cos <t) d<j> 
t/O 



A 
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COS* sin^ <l>d(j) = ^fV ir a''. 




V Fig. 26e. 

The entire area is then ' 

4:-0AB = iTa\ 



EXERCISES 

1. Find the area boimded by the line 2y— 3x — 5 = 0, the i-axis, 
and the ordinates x = 1, a; = 3. 

2. Find the area bounded by the parabola y = 3 x', the y-axia, and 
the abscissas y = 2, y = 4. 

3. Find the area bounded by y^ = x, the line y = — 2, and the 
ordinates x = 0, a; = 3. 

4. Find the area bounded by the parabola y = 2x— x^ and the 
a;-axis. 

6. Find the area bounded by ?/ = In x, the s-axis, and the ordinates 
a; = 2, a; = 8. 

6. Find the area enclosed by the ellipse 

a- "^ 6" 

7. Find the area bounded by the coordinate axes and the curve 
xi -\-yi = a*. 
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8. Find the area within a loop of the curve s^ = y^ (4 — if). 

9. Find the area within the loop of the curve y^ = {x — 1) {x — 2)^. 

10. Show that the area bounded by an arc of the hyperbola xy = k^, 
the X-axis and the ordinates at its ends, is equal to the area bounded by 
the same arc, the 2/-axis and the abscissas at its ends. 

11. Find the area bounded by the curves 2/^ = 4 ax, 3? = ^ ay!\ 

12. Find the area bounded by the parabola y = 2x— x^ and the 
line y = — X. 

13. Find the areas of the two parts into which the circle x^ -\- y^ = i 
is divided by the parabola y^ = 2 x. 

14. Find the area within the parabola x' = 4 2/ + 4 and the circle 

a;2 4- 2/2 = 16. 

15. Find the area bounded by i/^ = 4 x, x^ = 4 y, and x' + 2/^ = 5. 

16. Find the area of a circle by using the parametric equations 
X = a cos B, y = a sin 8. 

17. Find the area bounded by the x-axis and one arch of the cycloid. 

X = a (0 — sin 0), 2/ = a (1 — cos <^). 

18. Find the area within the cardioid 

X = a cos fl (1 — cos 8), y = asinS {1 — cos 8). 

19. Find the area bounded by an arch of the trochoid, 

X = a<p — b sin (^, y = a — 6 cos 0, 

and the tangent at the lowest points of the cilrve. 

20. Find the area of the ellipse x' — xy + y' = 3. 

21. Find the area bounded by the curve y' = 75 and its as- 

^ d X 

ymptote x = 2 o. 

22. Find the area within the curve 



S +(!)'-'■ 



27. Area Bounded by a Plane Curve. Polar Coordi- 
nates. — To find the area of the sector POQ bounded by two 
radii OP, OQ and the arc PQ of a given curve. 

Divide the angle POQ into any number of equal parts A& 
and construct the circular sectors shown in Fig. 27a, dne 
of these sectors ORS has the area 

iOR'M = ^r^A9. 
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If a and ;S are the limiting values of 6, the sum of all the 
sectors is then 

As M approaches zero, this sum approaches the area A of 
the sector POQ. Therefore 

4=limy \r^Le= r^r^dd. (27) 




Fig. 27a. 



Fig. 276. 



In this equation r must be replaced by its value in terms 
of 6 from the equation of the curve. 

Example. Find the area of one loop of the curve r = 
a sin 2 (Fig. 27b). 



A loop of the curve extends from 6 = to 6 =■, 



Its 



area is 



X2 1 /^2 2 

^r'dB^J |-sin2(20), 



cos4e)dd = ~ 
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EXERCISES 

1. Find the area of the circle r = a. 

2. Find the area of the circle r = a cos 8. 

3. Find the area bounded by the coordinate axes and the line 



('-D- 



4. Find the area bounded by the initial line and the first turn of the 
spiral r = ae'- 

5. Find the area of one loop of the curve f = a^ cos 2 B. 

6. Find the area enclosed by the curve r = cos fl + 2. 

7. Find the area within the cardioid r = a (1 + cos 8). 

a 

8. Find the area bounded by the parabola r = a sec^ 5 and the 
j/-axis. 

9. Find the area bounded by the parabola 

_ 2a 
1 — cos 8 

and the radii fl = -n " = s" 
4 2 

10. Find the area bounded by the initial line and the second and 
third turns of the spiral r = a8. 

11. Find the area of the curve r = 2 a cos 3 8 outside the circle 
r = a. 

12. Show that the area of the sector bounded by any two radii of 
the spiral r8 = a is proportional to the difference of those radii. 

13. Find the area common to the two circles r = a cos 8, r = 
a cos fl + a sin 8. 

14. Find the entire area enclosed by the curve r = a cos' 5 • 

o 

15. Find the area within the curve (r — a)' = a^ (1 — B^). 

16. Through a point within a closed curve a chord is drawn. Show 
that, if either of the areas determined by the chord and curve is a maxi- 
mum or minimum, the chord is bisected by the fixed point. 

28. Volume of a Solid of Revolution. — To find the 
volume generated by revolving the area ABCD about the 
a;-axis. 

Inscribe in the area a series of rectangles as shown in 
Fig. 28a. One of these rectangles PQSR generates a circular 
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cylinder with radius y and altitude Aa;. The volume of this 
cylinder is 

■ irif Ax. 

D 

p. 




Fig. 28o. 
If a and b are the limiting values of x, the sum of the cylinders 



IS 



V vy^Ax. 
The volume generated by the area is the hmit of this sum 
V = lim V ■wy'^ Ax= \ iry^ dx. (28) 

Ax— ^^ a U a 

If the area does not reach the axis, as in Fig. 28b, let yi 
and 2/2 be the distances from the axis to the bottom and top 




Fig. 2Sb. 

of the rectangle PQRS. When revolved about the axis, 
it generates a hollow cylinder, or washer, of volume 

T (yi^ - yi^) Ax. 
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The volume generated by the area is then 

b fb 

y = lim T TT (2/2^ — 2/1=) Ax = / ■^ (y^^ — y^^) dx. 

If the area is revolved about some other axis, y in these 
formulas must be replaced by the perpendicular from a point 
of the curve to the axis and' x by the distance along the axis 
to that perpendicular. 

Example 1. Find the 
volume generated by re- 
volving the ellipse 

2! 4- ^' - 1 
a2 "^ 62 

about the x-axis. 
From the equation of the curve we get 

The volume required is, therefore, 

J ""a ^^2 Pa 4 

iry^ dx = —^ j (a- — x^) dx = ^Tra¥. 

Ex. 2. A circle of radius a is revolved about an axis in its 
plane at the distance b 
(greater than a) from its D 
center. Find the volume 
generated. 

Revolve the circle, 
Fig. 28d, about the line 
CD. The rectangle MN 
generates a washer with 
radii 

Ry=b-x=b- Va^~y\ 
R2=b+x=b+Vd'-y^ 

The volume of the. washer is 




Fig. 2Sd. 



4x6 Va2-2/2A2/. 
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The volume required is then 

V= / ° 4ir6 Vo2 - y^dy = 27rWb. 

Ex. 3. Find the volume generated by revolving the circle 
r = a sin S about the x-axis. > 

In this case 

y = r sin d = a sin^ 9, 

X = r cos 6 = a cos 6 sin 6. 



The volume required is 



V = j wy^ dx = I 



'0 ir'a^ 

7ra= sin* e (cos^ 6 - sin^ e) d9 = -^■ 



The reason for using x as the lower limit and as the upper is 
to make dx positive along the upper part ABC of the curve. 




FiQ. 28e. 



As B varies from ir to 0, the point P describes the path' 
OABCO. Along OA and CO dx is negative. The integral 
thus gives the volume generated by MABCN minus that 
generated by 0AM and OCN. 



EXERCISES 

1. Find the volume of a sphere by integration. 

2. Find the volume of a right cone by integration. 

3. Find the volume generated by revolving about the x-axis the area 
bounded by the x-axis and the parabola y = 2x — x^. 
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4. Find the volume generated by revolving about OY the area 
bounded by the coordinate axes and the parabola x' + y' = a*. 

5. Find the volume generated by revolving about the s-axis the 

area bounded by the catenary y = -^ \e" + e^J , the a-axis and the 

lines a; = ± o. 

6. Find the volume generated by revolving one arch of the sine curve 
y = sinx about OX. 

7. A cone has its vertex on the surface of a sphere and its axis 
coincides with a diameter of the sphere. Find the common volume. 

8. Find the volume generated by revolving about the 2/-axis, the 
part of the parabola y^ = 4ax cut off by the line x = a. 

9. Find the volume generated by revolving about x = a the part of 
the parabola y^ = iax cut off by the line x = a. 

10. Find the volume generated by revolving about y — — 2a the 
part of the parabola y' = iax cut off by the line x = a. 

11. Find the volume generated by revolving one arch of the cycloid 

X = a((t> — sin (^), y = a (1 — cos (f) 

about the x-axis. 

12. Find the volume generated by revolving the curve 

X = a cos' <i>, y = a sin^ <#> 
about the y-axis. 

13. Find the volume generated by revolving the cardioid r = a (1 + 
cos 6) about the initial line. 

14. Find the volume generated by revolving the cardioid r = 

a (1 + cos e) about the line x = — j- 

15. Find the volume generated by revolving the ellipse 

x' + xy+y' = Z 
about the X-axis. 

16. Find the volume generated by revolving about the line y = x 
the part of the parabola x^ + y^ = a* cut off by the line x + y = a. 

29. Volume of a Solid with Given Area of Section. — 

Divide the solid into slices by parallel planes. Let X be the 
area of section at distance x from a fixed point. The plate 
PQRS with lateral surface perpendicular to PQR has the 
volume 

PQR- Ax = X Ax. 
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If a and h are the limiting values of x, the sum of such plates is 

The volume required is the limit of this sum 

V = Km y\ X^x= f'x dx. (29) 




Q 

Fig. 29a. 
Example 1. Find the volume of the eUipsoid 

a2 -t- {,2 -f- c2 i- 




Fig. 296. 

The section perpendicular to the x-axis at the distance x 
from the center is an ellipse 

t ^^ =1 _ ^. 

1.9 "t~ -9. ^ „?►' 
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'The semi-axes of this ellipse are 

By exercise 6, page 49, the area of this ellipse is 
ir-MP-MQ=Tbc(l-^X 

The volume of the ellipsoid is, therefore, 

Ex. 2. The axes of two equal right circular cylinders 
intersect at right angles. Find the common volume. 




Fig. 29c. 

In Fig. 29c, the axes of the cylinders are OX and OZ and 
OABC is I of the common volume. The section of OABC 
by a plane perpendicular to OF is a square of side 

MP = MQ = Vd" - y\ 
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The area of the section is therefore 

MP ■ MQ = a^- y\ 
and the required volume is 

16 a' 



D = 8 f\a^- y') dy = 

I/O 



EXERCISES 

1. Find the volume of a pyramid by integration. 

2. A wedge is cut from the base of a right ^circular cylinder by a 
plane passing through a diameter of the base and inclined at an angle 
a to the base. Find the volume of the wedge. 

3. Two circles have a diameter in common and lie in perpendicular 
planes. A square moves in such a way that its plane is perpendicular 
to the common diameter and its diagonals are chords of the circles. 
Find the volume generated. 

4. The plane of a moving circle is perpendicular to that of an ellipse 
and the radius of the circle is an ordinate of the ellipse. Find the vol- 
ume generated when the circle moves from one vertex of the ellipse to 
the other. 

5. The plane of a moving triangle is perpendicular to a fixed diam- 
eter of a circle, its base is a chord of the circle, and its vertex lies on a 
line parallel to the -fixed diameter at distance h from the plane of the 
circle. Find the volume generated by the triangle in moving from one 
end of the diameter to the other. 

6. A triangle of constant area A rotates about a line perpendicular 
to its plane while advancing along the line. Find the volume swept 
out in advancing a distance ft. 

7. Show that if two soUds are so related that every plane parallel to 
a fixed plane cuts from them sections of equal area, the volumes of the 
solids are equal. 

8. A cylindrical surface passes through two great circles of a sphere 
which are at right angles. Find the volume within the cylindrical 
surface and sphere. 

9. Two cylinders of equal altitude h have a common upper base and 
their lower bases are tangent. Find the volume common to the two 
cylinders. 

10. A circle moves with its center on the z-axis and its plane parallel 
to a fixed plane inclined at 45° to the «-axis. If the radius of the circle 
is always r = Va^ — ^2^ where z is the coordinate of its center, find the 
volume described. 



CHAPTER V 

OTHER GEOMETRICAL APPLICATIONS 

30. Infinitesimals of Higher Order. — In the applica- 
tions of the definite integral that we have previously made, 
the quantity desired has in each case been a limit of the form 

lim yVwAx. 

Ax=0 '"'a 

We shall now consider cases involving limits of the form 
lim V F{x,Ax) 

when F {x, Lx) is only approximately expressible in the form 
/ (a;) Aa;. Such cases are usually .handled by neglecting 
infinitesimals of higher order than Ax. That such neglect 
does not change the limit is indicated by the following 
theorem: 

If for values of x between a and b, F {x, Ax) differs from 
f (x) Ax by an infinitesimal of higher order than Ax, 

lim y V (x, Ax) = lim V /(x) Ax. 

To show this let e be a number so chosen that 
F (x, Ax) = / (x) Ax + e Ax. 

If F (x, Ax) and / (x) Ax differ by an infinitesimal of higher 
order than Ax, e Ax is of higher order than Ax and so e ap- 
proaches zero as Ax approaches zero (Differential Calculus, 
Art. 9). The difference 

y ' F (x, Ax) - y V (x) Ax = y ' € ax 

^^ a ^^ a ^^ a 
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is graphically represented by a sum of rectangles (Fig. 30), 
whose altitudes are the various values of e. Since all these 
values approach zero * with Aa;, 
the total area approaches zero 
and so 

JimV F{x,^z)=limy\ fix)Ax, 

Ai=0'^a Ai:=0'^^a 

which was to be proved- ^^°" ^^' 

31. Length of a Curve. Rectangular Coordinates. — ■ 

In the arc AB of a curve inscribe a series of chords. The 
length of one of these chords PQ is 



Y 






rlT > -rfi J 





a b -^ 



V^x' + ^y^ = \Jl + (^^J^x, 




FiQ. 31a. 
and the sum of their lengths is 



tMl^l 



Ax. 



The length of the arc AB is defined as the limit approached 
by this sum when the number of chords is increased indefir 
nitely, their lengths approaching zero. 

* For the discussion to be strictly accurate it must be shown that 
there is a number larger than any of the e's which approaches zero. In 
the language of higher mathematics, the approach to the hmit must be 
uniform. In ordinary cases that certainly would be true. A similar 
remark applies to all the applications of the above theorem. 
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The quantity V 1 +(t^) is not a function of x alone. 
When Aa; approaches zero, however, the difference of 



es zero. If then we 



replace V1+(t^) Axbyyl+ f-pj Aa;, the error is an 

infinitesimal of higher order than \x. Therefore the length 
of arc is 

dv 
In applying this formula -# must be determined from the 

equation of the curve. The result can also be written 

s= r Vdx^ + dy^ (31) 

'In this formula, y may be expressed in terms of x, or x in 
terms of y, or both may be expressed in terms of a parameter. 
In any case the limits are the values at A and B of the 
variable that remains. 

Example 1. Find the length of the arc of the parabola 
j/2 = 4 X between a; = and x = 1. 

dx TJ 

In this case j~ = §• The limiting values of y are and 2. 



Hence 
s 



= p \/ l+{^£j dy = £\V^+idy = ^2 + hx{l + V2). 



Ex. 2. Find the perimeter of the curve 

X = a cos' 4>, y = a sin' (j). 

In this case 

ds = Vdx^ + */ = Vg a^ cos* <^ sin^ 0+ 9 a' sin* cos^ d<^ 
= 3 a cos (^ sin <^ d0. 
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One-fourth of the curve is described when <j> varies from 
to ^. Hence the perimeter is 



IT 

= 4 / 3 a cos (jj sin (jj d<j) = & ( 
Jo 



EXERCISES 

1. Find the circumfeience of a circle by integration. 

2. Find the length of y' = ^ between (0, 0) and (4, 8). 

3. Find the length of x = In sec y between y = and y = t,- 

4. Find the length of x = iy'^— I In i/ between y = 1 and y = 2. 

5. Find the length of !/ = e" between (0, 1) and (1, e). 

6. Find the perimeter of the curve 

x^ + y^ = a^. 

7. Find the length of the catenary 



= |(j + e 



2 

between x = — a and x = a. 

8. Find the length of one arch of the cycloid 

X = a {(t> — sin<#i), y = a {1 — cos.^). 

9. Find the length of the involute of the circle 

X — a (cos 6 +8siae), y = a (sin 6— B cos 6), 

between 6=0 and 9 = 2 tt. 

10. Find the length of an arc of the cycloid 

re = a (9 + sinfl), y = a {1— cose). 

It s is the length of arc between the origin and any point (s, y) of the 
same arch, show that 

s^ = 8 ay. 

32. Length of a Curve. Polar Coordinates. — The 

differential of arc of a curve is (Differential Calculus, Arts. 
54, 59) 

ds = Vdx^ + dy^ = Vdr^ + r^ dd\ 
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Equation (31) is, therefore, equivalent to 



= I Vdr'- + r^dd^. 
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(32) 



T 

O X 



FiQ. 32. 
In this case dr — add and 



In using this formula, 
r must be expressed in 
terms of 6 or 9 in terms 
of r from the equation 
of the curve. The limits 
are the values at A and B 
of the variable that re- 
's-' mains. 

Example. Find the 
length of the first turn 
of the spiral r = ad. 



s 



I/O 



^dB^ + aWdd^ 



i/O 



+ e^de 



= Ta Vl + 47r2 +|ln (27r + Vl + 47r2). 



EXERCISES 

1. Find the circumference of the circle r — a. 

2. Find the circumference of the circle r = 2 a cos 9. 

3. Find the length of the spiral r = e°* between e = and = -• 

a 

4. Find the distance along the straight line r = a sec ( 9 — %) from 
e = to 9 = |- 

5. Find the arc of the parabola r = a sec' | 6 cut off by the 2/-axis. 

6. Find the length of one loop of the curve 

r = a cos^T- 
A 

7. Find the perimeter of the cardioid 

r = a (1 + cos 9). 



8. Find the complete perimeter of the curve r = a sin' 



9 
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33. Area of a Surface of Revolution. — To find the area 
generated by revolving the arc AB about the x-axis. 

Join A and B by a broken line with vertices on the arc. 
Let X, y be the coor- 
dinates of P and X + q_^ 
Ax, y -\- Ay those of Q. 
The chord PQ generates 
a frustum of a cone 
whose area is 

ir(2y + Ay) PQ = 
■r-{2y + Ay) VAx'^+AyK 




Fig. 33a. 



The area generated by the broken line is then 



X ^{2y + Ay)VAx^ + Ay\ 



The area S generated by the arc AB is the hmit ap- 
proached by this sum«when Ax and Ay approach zero. Neg- 
lecting infinitesimals of higher order, i2y + Ay) VAx^ + Ay'^ 
can be replaced hy 2y Vda;^ -\- dy'^ = 2y ds. Hence the 
area generated is 

S= / 2Tryds. • (33a) 

In this formula y and ds must be calculated from the 
equation of the curve. The limits are the values at A and 
B of the variable in terms of which they are expressed. 

Similarly, the area generated by revolving about the 
2/-axis is 

S= ( 2Txds. (33b) 

'J A 



Example. Find the area of the surface generated by 
revolving about the ^/-axis the part of the curve y = 1 — x^ 
above the x-axis. 
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In this case 
ds 
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= \Jl+(^Ydx = Vl+ix^dx. 



The area required is generated by the part AB of the curve 
between x = and x = 1. Hence 




Fig. 336. 



S = f'^27rxds = r 2ira;Vl +4 



x^dx 



EXERCISES 

1. Find the area of the surface of a sphere. 

2. Find the area of the surface of a right circular cone. 

3. Find the area of the spheroid generated by revolving an ellipse 
about its major axis. 

4. Find the area generated by revolving the curve x' -\- y' = o' 
about the 2/-axis. 

5. Find the area generated by revolving about OX, the part of the 
catenary 



y ■■ 



|(ea + e ij 



between x = — a and x = a. 

6. Find the area generated by revolving one arch of the cycloid 

X = a ((^ — sin <^), y = a(l — cos <t>) 
about OX. 
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7. Find the area generated by revolving the cardioid r = a{l+ cos 9) 
about the initial line. 

8. The arc of the circle 

3^ + 2/2 = a2 

between (a, 0) and (0, a) is revolved about the line x + y = a. Find 
the area of the surface generated. 

9. The arc of the parabola y^ = ix between x = and i = 1 is 
revolved about the line y = — 2. Find the area generated. 

10. Find the area of the surface generated by revolving the lemnis- 

cate f = 2 a? cos 2 8 about the line B = -;• 

4 

34. Unconventional Methods. — The methods that have 
been given for finding lengths, areas, and volumes are the 
ones most generally applicable. 
In particular cases other methods 
may give the results more easily. 
To solve a problem by integra- 
tion, it is merely necessary to ex- 
press the required quantity in any 
way as a limit of the form used in 
defining the definite integral. 

Example 1. When a string held 
taut is unwound from a fixed 
circle, its end describes a curve 
called the involute of the circle. 
Find the length of the part de- 
scribed when the first turn of the 
string is unwound. 

Let the string begin to unwind at A. When the end 
reaches P the part unwound QP is equal to the arc AQ. 
Hence 

QP = AQ = ad. 

When P moves to R the arc PR is approximately the arc of 
a circle with center at Q and central angle A9. Hence 




Fig. 34o. 



PR = ae A9 
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approximately. The length of the curve described when d 
varies from to 2 tt is then 



2ir 



s = lim 2 0^ ^0 






aSdB = 27ra2. 



Ex. 2. Find the volume generated by rotating about the 
2/-axis the area bounded by the parabola x^ = y — I, the 
a;-axis, and the ordinates x = ±1. 

Resolve the area into slices by ordinates at distances Ax 
apart. When revolved about the 2/-axis, the rectangle PM 
between the ordinates x, x-\- Lx generates a hollow cylinder 
whose volume is 

T (x + Ax)- y — TT x^y = 2Trxy Ax + Try (AxY. 




Fig. 346. 



Fig. 34c. 



Since ry {Ax^ is an infinitesimal of higher order than Ax, 
the required volume is 

lim V 2Trxy Ax = I 27ra; (1 + x^) dx = ^ir. 

Ex. 3. Find the area of the cylinder x^ + t/^ = ax within 
the sphere x^ -^y^ + z^ = a^. 

Fig. 34c shows one-fourth of the required area. Divide 
the circle OA into equal arcs As. The generators through 
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the points of division cut the surface of the cylinder into 
strips. Neglecting infinitesimals of higher order, the area 
of the strip MPQ is MP • As. If r, 6 are the polar coor4inates 
oi M, r = a cos d and 

As = a Ae, MP = Va^ - r^ = a sin 6. 



— = Iim 

4 A9iO 



The required area is therefore given by 

V^a^smdAd = / aHinOdd. 
Consequently 

TT 

8=4:0" I sinddO = 4:a\ 
Jo 

EXERCISES 

1. Find the area swept over by the string in example 1, page 67. 

2. Find the area of surface cut from a right circular cyUnder by a 
plane passing through a diameter of the base and inclined 45° to the 
base. 

3. The axes of two right circular cylinders of equal radius intersect 
at right angles. Find the area of the solid common to the two cylinders 
(Fig. 29c). 

4. An equilateral triangle of side a is revolved about a Une parallel 
to the base at distance b below the base. Find the volume generated. 

6. The area bounded by the hyperbola x^ — y^ = a? and the lines 
y = ±a is revolved about the s-axis. Find the volume generated. 

6. The vertex of a cone of vertical angle 2, or is the center of a sphere 
of radius a. Find the volume common to the cone and sphere. 

7. The axis of a cone of altitude h and radius of base 2 o is a gen- 
erator of a cylinder of radius a. Find the area of the surface of the 
cylinder within the cone. 

8. Find the area of the surface of the cone in Ex. 7 within the 
cylinder. 

9. Find the volume of the cylinder in Ex. 7 within the cone. 



CHAPTER VI 

MECHANICAL AND PHYSICAL APPLICATIONS 

35. Pressure. — The pressure of a liquid upon a hori- 
zontal area is equal to the weight of a vertical "column of the 
hquid having the area as base and reaching to the surface. 
By the pressure at a point P in the liquid is meant the pressure 
upon a horizontal surface of unit area at that point. The 



1 
Fig. 35o. 




Fig. 356. 



volume of a column of unit section and height h is h. 
the pressure at depth h is 

p = wh, 



Hence 



(35a) 



w being the weight of a cubic unit of the liquid. 

To find the pressure upon a vertical plane area (Fig. 356), 
we make use of the fact that the pressure at a point is the 
same in all directions. The pressure upon the strip AB 
parallel to the surface is then approximately 

pAA, 

p being the pressure at any point of the strip and AA its 
area. The reason for this not being exact is that the pressure 

70 



Art. 36 Pressure . 71 

at the top of the strip is a little less than at the .bottom. 
This difference is, however, infinitesimal, and, since it multi- 
plies AA, the error is an infinitesimal of higher order than 
AA. The total pressure is, therefore, 

P = lirn 2) p AA = JpdA = w ChdA. (35b) 

Before integration dA must be expressed in terms of h. 
The limits are the values of h at the top and bottom of the 
submerged area. In case of water the value of w is about 
62.5 lbs. per cubic foot. 

Example. Find the water pressure upon a semicircle of 




FiQ. 35c. 

radius 5 ft., if its plane is vertical and its diameter in the 
surface of the water. 

In this case the element of area is 

dA =2V25~h^dh. 
Hence 

P = M fhdA=2w rhV25-h^dh 

= i5fl.„ = i5i (62.5) = 5208.3 lbs. 

EXERCISES 

1. Find the pressure sustained by a rectangular floodgate 10 ft. 
broad and 12 ft. deep, the upper edge being in the surface of the water. 

2. Find the pressure on the lower half of the floodgate in the pre- 
ceding problem. 

3. Fmd the pressure on a triangle of base 6 and altitude h, sub- 
merged so that its vertex is in the sinrface of the water, and its altitude 
vertical. 

4. Find the pressure upon a triangle of base 6 and altitude h, sub- 
merged so that its base is in the surface of the liquid and its altitude 
vertical. 
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5. Find the pressure upon a semi-ellipse submerged with one axis 
in the surface of the liquid and the other vertical. 

6. A vertical masonry dam in the form of a trapezoid is 200 ft. long 
at the surface of the water, 150 ft. long at the bottom, and 60 ft. high. 
What pressure must it withstand? 

7. One end of a water main, 2 ft. in diameter, is closed by a vertical 
bulkhead. Find the pressure on the bulkhead if its center is 40 ft. 
below the surface of the water. 

8. A rectangular tank is filled with equal parts of water and oil. If 
the oil is half as heavy as water, show that the pressure on the sides is 
one-fourth greater than it would be if the tank were filled with oil. 

% 

36. Moment. — Divide a plane area or length" into small 
parts such that the points of each part differ only infinitesi- 
mally in distance from a given axis. Multiply each part by 
the distance of one of its points from the axis, the distance 
being considered positive for points on one side of the axis 
and negative for points on the other. The limit approached 
by the sum of these products when the parts are taken 
smaller and smaller is called the moment of the area or length 
with respect to the axis. 

Similarly, to find the moment of a length, area, volume, 
or mass in space with respect to a plane, we divide it into 
elements whose points differ only infinitesimally in distance 
from the plane and multiply each element by the distance of 
one of its points from the plane (considered positive for 
points on one side of the plane and negative on the other). 
The moment with respect to the plane is the limit approached 
by the sum of these products when the elements are taken 
smaller and smaller. 

Example. Find the moment of a rectangle about an axis 
parallel to one of its sides at distance c. 

Divide the rectangle into strips parallel to the axis (Fig. 
36). Let y be the distance from the axis to a strip. The 
area of the strip is b Ay. Hence the moment is 

Xc+a Pc+a I g\ 

ybLy= \ bydy = ablc + 5). 
„„ _„ c t/ C \ ill 
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Since ab is the area of the rectangle and c + ^ is the distance 

from the axis to its center, the moment is equal to the product 
of the area and the distance from the axis to the center of the 
rectangle. 















a 








1 










Fig. 36. 



Fig. 37a. 



37. The Center of Gravity of a Length or Area in a 
Plane. — The center of gravity of a length or area in a 
plane is the point at which it could be concentrated without 
changing its moment with respect to any axis in the plane. 

Let C {x, y) be the center of gravity of the arc AB (Fig. 
37a), alid let s be the length of the arc. The moment of AB 
with respect to the a;-axis is 






yds. 



If the length s were concentrated at C, its moment would be 
sy. By the definition of center of gravity 



sy 



I yds, 

J A 



whence 



r 

'J A 



yds 



Similarly, 






xds 
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The limits are the values at A and B of the variable in terms 

of which the integral is expressed. 

Let C (x, y) be the center of gravity of an area (Figs. 37&, 

37c). Divide the area into strips dA and let (x, y) be the 

center of gravity of the 
strip rfA . The moment 
of the area with respect 
to the X-axis is 




/» 



dA. 



Fig. 376. 




If the area were, con- 
centrated at C, the 
moment would be Ay, 
where A is the total 
area. Hence 



Ay = J ydA, 
fydA 



or 



y 

Similarly, 



A 



Fig. 37c. 



X = 



!■ 



xdA 



, The strip is usually taken parallel to a coordinate axis. 
The area can, however, be divided into strips of any other 
kind if convenient. 

Example 1. Find the center of gravity of a quadrant of 
the circle x^ + y^ = a^. 

In this case 

ds = Vdx^ + dy^ = - rfx 
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Jyds = £y.^^dx = a\ 



The length of the arc is 



s = I (2 Tra) = 2 a. 



Hence 



y 



/ 



yds 



2a 

IT 



T 


_^ 


ds 




X 


■\ . 










Fig. 37d. 



It is evident from the symmetry of the figure that x has the 
same value. 

Ex. 2. Find the center of gravity of the area of a semi- 
circle. 

From symmetry it is evident that the center of gravity is 
in the j/-axis (Fig. 37e). Take the element of area parallel 
to OX. Then dA = 2xdy and 

I ydA = 1 2xydy = 2 jy Va^ - y^ dy = I a\ 

TV 

The area is ^ = x o^. Hence 

f'y dA 4 a 





FiQ. 37/. 

Ex. 3. Find the center of gravity of the area bounded by 
the a;-axis and the parabola y = 2 x — x^. 

Take the element of area perpendicular to OX. If (x, y) 
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are the coordinates of the top of the strip, its center of gravity 
is (a;, I)- Hence its moment with respect to the a;-axis is 



The moment of the whole area about OX is then 

16 

fo ^ 15 



f^dx^ £l(2x-x'ydx 



The area is 



A = j ydx = I {2x — x^) dx = 

Hence y = f. Similarly, 

ix dA I (2 a;2 - a;^) dx 



X = 



A 



= 1. 



38. Center of Gravity of a Length, Area, Volume, or 
Mass in Space. — The center of gravity is defined as the 

point at which the 
mass, area, length, or 
volume can be con- 
centrated without 
changing its moment 
with respect to any 
plane. 
Thus to find the cen- 
-^ ter of gravity of a solid 
mass (Fig. 38a) cut it 
into slices of mass Am. 
If (x, y, z) is the cen- 
ter of graAdty of the 
slice, its moment with 
respect to the xjz-plane is z Aw and the moment of the whole 
mass is 

lim V 2 Am = / zdm. 
Am=0 ■^^ «/ 



I ol X 


\ 


-^ 


-^ 


Fig. 38o. 
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If the whole mass M were concentrated at its center of 
gravity (x, y, 2), the moment with respect to the xy-pla,ne 
would be zM. Hence 



zM 



or 



= I 2 dm, 



zdm 
z = --^- (38) 



Similarly, 



j xdm j ydm 



M " Af 



^ = ^H^- (38) 



The mass of a unit volume is called the density. If then 
dv is the volume of the element dm and p its density, 

dm = pdv. 

To find the center of gravity of a length, area, or volume 
it is merely necessary to replace M in these formulas by s, 
S, or V. 

Example 1. Find the center of gravity of the volume of 
an octant of a sphere of radius a. 

The volume of the slice (Fig. 38a) is 

dv = i Tx' dz = jir {a^ — z^) dz. 
Hence 

Jzdv = £\Ha^-z^)zdz = ^^aK 
The volume of an octant of a sphere is \ tto'. Hence 



/ 



zdv ^a^ 3 



■K , 

6" 



From symmetry it is evident that x and y have the same 
value. 
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Ex. 2. Find the center of gravity of a right circular cone 
whose density is proportional to the distance from its base. 
Cut the cone into slices parallel to 
the base. Let y be the distance of a 
slice from the base. Except for in- 
finitesimals of higher order, its volume 
>•■ is wx^ dy, and its density is ky where 
K is constant. Hence its mass is 

Am = kwx'^y dy. 




Fig. 386. 



Jvdm = £ 



By similar triangles x = tQi — y). 
Hence 

'* kirr 



-f^ih-y)Wdy = ^^ 



M = J dm = J j~{h-TjYydy -=- 
Therefore, finally. 



kirrW 



12 



j ydm 



'¥■ 



EXERCISES 

1. The wind produces a uniform pressure upon a rectangular door. 
Find the moment tending to turn the door on its hinges. 

2. Find the moment of the pressure upon a rectangular floodgate 
about a horizontal line through its center, when the water is level with 
the top of the gate. 

3. A triangle of base 6 and altitude h is submerged with its base 
horizontal, altitude vertical, and vertex c feet below the surface of the 
water. Find the moment of the pressure upon the triangle about a 
horizontal line through the vertex. 

4. Find the center of gravity of the area of a triangle. 

5. Find the center of gravity of the segment of the parabola ?/' = ax, 
cut off by the line x = a. 
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6. Find the center of gravity of the area of a quadrant of the ellipse 

^ + t = l 
a2 ^ ¥ 

7. Find the center of gravity of the area bounded by the coordinate 
axes and the parabola x^ + y^ = a*. 

8. Find the center of gravity of the area above the i-axis bounded 
by the curve x' + y' = a'. 

9. Find the center of gravity of the area bounded by the x-axis and 
one arch of the curve y = sin x. 

10. Find the center of gravity of the area bounded by the two parab- 
olas y^ = ax, 7? = ay. 

11. Find the center of gravity of the area of the upper half of the 
cardioid r = a (1 + cos fl). 

12. Find the center of gravity of the area bounded by the i-axis and 
one arch of the cycloid, . 

x = a(tj> — sin<^), y = a (1— cos(t>). 

13. Find the center of gravity of the area within a loop of the lemnis- 
cate r" = a^ cos 2 6. 

14. Find the center of gravity of the arc of a semicircle of radius a. 

15. Find the center of gravity of the arc of the catenary 

y = ^{^ + e~'-) 

between x = — a and x — a. 

16. Find the 'center of gravity of the arc "of the curve x' + i/' = a' 
in the first quadrant. 

17. Find the center of gravity of the arc of the curve 

X = ly^— ilny 

between y = 1 and y = 2. 

18. Find the center of gravity of an arch of the cycloid 

X = a {4> — sin<^), i/ = o (1 — cos0). 

19. Find the center of gravity of a right circular cone of constant 
density. 

20. Find the center of gravity of a hemisphere of constant density. 

21. Find the center of gravity of the solid generated by revolving 
about OX the area bounded by the parabola y^ = ix and the line x = i. 

22. Find the center of gravity of a hemisphere whose density is 
proportional to the distance from the plane face. 

23. Find the center of gravity of the soUd generated by rotating a 
sector of a circle about one of its bounding radii. 
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24. Find the center of gravity of the solid generated by revolving 
the cardioid r = a (1 + eos 9) about the initial line. 

25. Find the center of gravity of the wedge cut from a right circular 
cylinder by a plane passing through a diameter of the base and making 
with the base the angle a. 

26. Find the center of gravity of a hemispherical surface. 

27. Show that the center of gravity of a zone of a sphere is midway 
between the bases of the zone. 

28. The segment of the parabola y- = 2ax cut off by the line x = o 
is revolved about the x-axis. Find the center of gravity of the surface 
generated. 

39. Theorems of Pappus. Theorem I. — If the arc of a 
plane curve is revolved about an axis in its plane, and not 
crossing the arc, the area generated is equal to the product 
of the length of the arc and the length of the path described 
by its center of gravity. 

Theorem II. If a plane area is revolved about an axis in 
its plane and not crossing the area, the volume generated is 
equal to the product of the area and the length of the path 
described by its center of gravity. 

To prove the first theorem, let the arc be rotated about 
the a;-axis. The ordinate of its center of gravity is 



/ 



yds 

y = — 

whence 



2 TT I yds = 2 irys. 



The left side of this equation represents the area of the 
surface generated. Also 2 ivy is the length of the path 
described by the center of gravity. This equation, therefore, 
expresses the result to be proved. 

To prove the second theorem let the area be revolved about 
the X-axis. From the equation 



/. 



ydA 
2/ = " 
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we get 

27r / ydA= 2iryA. 

Since 2 t / y dA is the volume generated, this equation is 

equivalent to theorem II. 

Example 1. Find the area of the torus generated by 
revolving a circle of radius a about an axis in its plane at 
distance h (greater than a) from its 
center. 

Since the circumference of the circle 
is 2 ira and the length of the path de- 
scribed by its center 2 irb, the area gen- 
erated is 



S = 27ra-27r& = 47r2a&. 




Fig. 39a. 



Ex. 2. Find the center of gravity of the area of a semi- 
circle by using Pappus's theorems. 

When a semicircle of radius a is revolved about its diameter, 
the volume of the sphere generated is f -ko?. If y is the 
distance of the center of gravity of 'the semicircle from this 
diameter, by the second theorem of Pappus, 

f TTO^ = 2 Try A = 2-!ry- h^a^, 
whence 




y 



iwa-' 



4a 
Sir' 



Ex. 3. Find the volume gen- 
erated by revolving the cardioid 
r = a (1 -j- cos d) about the initial 
line. 

The area of the triangle OPQ 
is approximately 



Fio. 396. 



i r" Ae, 



and its center of gravity is | of the distance from the vertex 
to the base. Hence 

y = f rsinfl. 
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By the second theorem of Pappus, the volume generated by 
OPQ is then approximately 

2 Try \ A = fTrr^sinOAS. 
The entire volume is therefore 

V = / fxr^ sinddd = lTa^ / " (1 + cos OY sin 6 dd 
2 ,(H-cose)*k 8 , 



EXERCISES 

1. By using Pappus's theorems find the lateral area and the volume 
ot a right circular cone. 

2. Find the volume of the torus generated by revolving a circle of 
radius a about an axis in its plane at distance 6 (greater than a) from 
its center. 

3. A groove with cross-section an equilateral triangle of side \ inch 
is cut around a cylindrical shaft 6 inches in diameter. Find the volume 
of material cut away. 

4. A steel band is placed around a cylindrical boiler 48 inches in 
diarneter. A cross-section of the band is a semi-ellipse, its axes being 6 
and Ve inches, respectively, the greater being parallel to the axis of the 
boiler. What is the volume of the band? 

6. ' The length of an arch of the cycloid 

X = a (0 — sin 0), y = a {1 — cos <^) 

is 8 o, and the area generated by revolviog it about the i-axis is ^ ira?. 
Find the area generated by revolving the arch about the tangent at its 
highest point. 

6. By the method of Ex. 3, page 81, find the volume generated by 
revolving the lemniscate r'^ = 2 a? cos 2 e about the x-axis. 

7. Obtain a formula for the volume generated by revolving the 
polar element of area about the line x = — a. Apply this formula to 
obtain the volume generated by revolving about x = — a the sector of 
the circle r = a bounded by the radii e=— a,e=+a. 

8. A variable circle revolves about an axis in its plane. If the 
distance from the center of the circle to the axis is 2 a and its radius 
is a sin 8, where B is the angle of rotation, find the volume of the horn- 
shaped solid that is generated. 

9. Can the area of the surface in Ex. 8 be found in a similar way? 
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10. The vertex of a right circular cone is on the surface of a right 
circular cylinder and its axis cuts the axis of the cylinder at right angles. 
Find the volume common to the cylinder and cone (use sections deter- 
mined by planes through the vertex of the cone and the generators of 
the cylinder). 

40. Moment of Inertia. — ■ The moment of inertia of a 
particle about an axis is the product of its mass and the square 
of its distance from the axis. 

To find the moment of inertia of a continuous mass, we 
divide it into parts such that the points of each differ only 
infinitesimally in distance from the axis. Let Am be such a 
part and R the distance of one of its points from the axis. 
Except for infinitesimals of higher order, the moment of 
inertia of Am about the axis is R^ Am. The moment of 
inertia of the entire mass is therefore 



/ = lim X-R'Am= Cr^ 

Am=0 ■^ J 



dm. 



(40) 



By the moment of inertia of a length, area, or volume, we 
mean the value obtained by using the differential of length, 
area, or volume in place of 
dm in equation (40). 

Example 1. Find the mo- 
ment of inertia of a right cir- 
cular cone of constant density 
about its axis. 

Let p be the density, h the 
altitude, and a the radius of 
the base of the cone. Divide 
it into hollow cylindrical slices 
by means of cylindrical sur- 
faces having the same axis as f ^J(r j^-''- ->>-- 

the cone. By similar triangles 
the altitude y of the cylin- 
drical surface of radius r is 



/f\ 


Z^Jt~JS. 



Fig. 40o. 



y 



h , , 

-ia-r). 
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Neglecting infinitesimals of higher order, the volume between 
the cylinders of radii r and r + Ar is then 

At; = 2 irry Ar = r(a — r) dr. 

a 

The moment of inertia is therefore 

/ = I r^dm = I r-pdv = — ^^ / r' (a — 
The mass of the cone is 



r)dr = 



10 



M = pv = ^Trpa%. 
Hence 

I = A Ma\ 

Ex. 2. Find the moment of in- 
ertia of the area of a circle about 
a diameter of the circle. 

Let the radius be a and let the x- 
axis be the diameter about which 
the moment of inertia is taken. 
Divide the area into strips by lines parallel to the x-axis. 
Neglecting infinitesimals of higher order, the area of such a 
strip is 2 a; A?/ and its moment of inertia 2 xy^ Ay. The 
moment of inertia of the entire area is therefore 





T 






• 


^ 


-\ 






/'"^ 


x\ 






/ y 








I 


y 


X 



Fig. 406. 



/ = J2xy^dy = 2 / ' Va- - y'^y^dy = 



■jra* 



EXERCISES 

1. Find the moment of inertia of the area of a rectangle about one 
of its edges. 

2. Find the moment of inertia of a triangle about its base. 

3. Find the moment of inertia of a triangle about an axis through 
its vertex parallel to its base. 

4. Find the moment of inertia about the y-a,xia of the area bounded 
by the parabola y^ = iax and the line x = a. 

5. Find the moment of inertia of the area in Ex. 4 about the line 
I = a. 

6. Find the moment of inertia of the area of a circle about the axis 
perpendicular to its plane at the center. (Divide the area into rings 
with centers at the center of the circle.) 
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7. Find the moment of inertia of a cylinder of mass M and radius a 
about its axis. 

8. Find the moment of inertia of a sphere of mass M and radius a 
about a diameter. 

9. An ellipsoid is generated by revolving the ellipse 

about the i-axis. Find its moment of inertia about the x-axis. 

10. Find the moment of inertia of a hemispherical shell of constant 
density about the diameter perpendicular to its plane face. 

11. Prove that the moment of inertia about any axis is equal to the 
moment of inertia about a parallel axis through the center of gravity 
plus the product of the mass and the square of the distance between the 
two axes. 

12. Use the answer to Ex. 6, and the theorem of Ex. 11 to determine 
the moment of inertia of a circular area about an axis, perpendicular to 
its plane at a point of the circumference. 

41. Work Done by a Force. — Let a force be applied to 
a body at a fixed point. When the body moves work is done 
by the force. If the force is constant, the work is defined as 
the product of the force and the distance the point of appli- 
cation moves in the direction of the force.. That is, 

W = Fs, (41a) 

where W is the work, F the force, and s the distance moved 
in the direction of the force. 

If the direction of motion does 
not coincide with that of the force, 

the work done is the product of the j _^^^ I - j . 

force and the projection of the dis- Fig. 4lo. 

placement on the force. Thus when the body moves from 
A to S (Fig. 41a) the work done by the force F is 

W = Fs cos e. (41b) 

If the force is variable, we divide the path into parts As. 
In moving the distance As, the force is nearly constant and 
so the work done is approximately F cos d As. As the 
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intervals As are taken shorter and shorter, this approximation 
becomes more and more accurate. The exact work is then 
the hmit 

W = lim "TiFcosdAs = / Fcoseds. (41c) 

As=0 ^ J 

To determine the value of W, we express F cos and ds 
in terms of a single variable. The limits of integration are 
the values of this variable at the two ends of the path. If 
the displacement is in the direction of the force, 9 = 0, 
cos 6 = 1 and 



W 



= /^ 



ds. 



(41d) 




~fl 



VVWWWW' 



Fig. 416. 



Fig. 41c. 



Example 1. The amount a helical spring is stretched is 
proportional to the force applied. If a force of 100 lbs. is 
required to stretch the spring 1 inch, find the work done in 
stretching it 4 incheSi 

Let s be the number of inches the spring is stretched. The 
force is then 

F = ks, 

k being constant. Wheil s = 1, F = 100 lbs. Hence fc = 
100 and 

F = 100 s. 

The work done in stretching the spring 4 inches is 



rFds= r 



100 sds = 800 inch pounds = 66f foot pounds. 
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Ex. 2. A gas is confined in a cylinder with a movable piston. 
Assuming Boyle's law pv = k, find the work done by the 
pressure of the gas in pushing out the piston (Fig. 4W). 

Let V be the volume of gas in the cylinder and p the pressure 
per unit area of the piston. If A is the area of the piston, 
pA is the total pressure of the gas upon it. If s is the distance 
the piston moves, the work done is 



But Ads = dy. 



W 
Hence 



pAi 

8l 



pdv = I - dv = kin — 
is the work done when the volume expands from vi to fa. 




Fig. 41d. 



Fig. 41e. 



Ex. 3. The force with which an electric charge ei repels 
a charge e^ at distance r is 



where k is constant. Find the work done by this force 
when the charge ea moves from r = a to r = b, Ci remaining 
fixed. 

Let the charge 62 move from A to 5 along any path AB 
(Fig. 41e). The work done by the force of repulsion is 

W = JPcosdds = [Pdr = r^dr 



— kciCi 



[a bj 



The work depends only on the end points A and B and not 
on the path connecting them. 
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EXERCISES 

1. According to Hooke's law the force required to stretch a bar from 
the length a to the length a + a; is 

kx 
a 

where K is constant. Find the work done in stretching the bar from the 
length a to the length 6. 

2, Supposing the force of gravity to vary inversely as the square of 
the distance from the earth's center, find the work done by gravity on 
a meteor of weight w lbs., when it comes from an indefinitely great 
distance to the earth's surface. ' 

3. If a gas expands without change of 
temperature, according to van der Waal's 
equation, 



P 



V — b 




Fig. 41/. 



a, b, c being constant. Find the work done 
when the gas expands from the volume vi to 
the volume wj. 

4, The work in foot pounds required 
to move a body from one altitude to 
another is equal to the product of its 
weight in pounds and the height in feet 
that it is raised. Find the work required 

to pump the water out of a cylindrical cistern of diameter 4 ft. and 

depth 8 ft. 

5. A vertical shaft is supported by a flat step bearing (Fig. 41/). 
The frictional force between a small part of the shaft and the bearing is 
ftp, where p is the pressure between the two and /* is a constant. If the 
pressure per unit area is the same at all points of the supporting sufface, 
and the weight of the shaft and its load is P, find the work of the fric- 
tional forces during each revolution of the shaft. 

6. When an electric current flows a distance x through a homo- 
geneous conductor of cross-section A, the resistance is 

kx 
A' 

where if is a constant depending on the material. Find the resistance 
when the current flows from the inner to the outer surface of a hollow- 
cylinder, the two radii being a and 6. 
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7. Find the resistance when the current flows from the inner to the 
outer surface of a hollow sphere. 

8. Find the resistance when the current 
flows from one base of a truncated cone to Z' ^\^ 
the other. / X \a 

9. When an electric current i flows an in- 
finitesimal distance AB (Fig. 41?) it produces 
at any point a magnetic force (perpendicular 
to the paper) equal to 

1- ' Fig. 41g. 

where r is the distance between AB and 0. Find the force at the center 
of a circle due to a current i flowing around it. 

10. Find the magnetic force at the distance c from an infinite straight 
Une along which a current i is flowing. 




CHAPTER VII 

APPROXIMATE METHODS 

42. The Prismoidal Formula. — Let j/i, 2/3, be two 
ordinates of a curve at distance h apart, and let y^ be the 

ordinate midway between 
them. The area bounded 
by the a;-axis, tlie curve, and 
the two ordinates is given 
approximately by the for- 
J mula 

Fig. 42a. A = i /i (2/1 + 4 2/2 + 2/3) . (42a) 

This is called the prismoidal formula because of its similarity 
to the formula for the volume of a prismoid. 
If the equation of the curve is 




= a + bx + cx^ + dx', 



(42b) 



-where a, b, c, d,"are constants (some of which may be zero), 
the prismoidal formula gives the exact area. To prove this 
let h be the abscissa of the middle ordinate and t the dis- 
tance of any other ordinate from it (Fig. 42a). Then 

X = k + t. 
If we substitute this value for x, (42b) takes the form 

y -= A- -\- Bt + Cf -{- Df, 
-where A, B,C, D are constants. The ordinates 2/1, t/2, J/s are 
obtained by substituting t = — -, 0,-. Hence 

yi + 4.y2 + y3 = 6A+iCh\ 

90 
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Also the area is 



f\dt = Ah + C~ 



This is equivalent to 

which was to be proved. 

If the equation of the curve does not have the form (4'2b), 
it may be approximately equivalent to one of that type and 
so the prismoidal formula may give an approximate value 
for the area. 

While we have illustrated the prismoidal formula by the 
area under a curve, it may be used equally well to determine 
a length or volume or any other quantity represented by a 
definite integral, 



«-/ a 



f (x) dx. 



Since such an integral represents the area under the curve 
y = f i^)> its value can be found by replacing h in (42a) by 

h - a and j/i, y2, 2/3 by / (a), / (—^ — j , / (&) respectively. 

Example 1. Find the 
area bounded by the 
X-axis, the curve y = 
e~'^', and the ordinates 
X = 0, a; = 2. 

The integral 



/' 



'dx 




Fig. 426. 



cannot be expressed in terms of elementary functions. 
Therefore we cannot obtain the area by the methods that we 
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have previously used. The ordinates yi, 2/2, 2/3, in this case 
are 

2/1 = 1, 2/2 = e-\ 2/3 = e-K 

The prismoidal formula, therefore, gives 

A =1(1+-+ 4)= 0.869. 
6 \ e e-/ 

The answer correct to 3 decimals (obtained from a table) is 
0.882. 

Ex. 2. Find the length of the parabola 2/^ = 4 a; from 
a; = 1 to a; = 5. 

The length is given by the formula 



■/V'-^- 



By integration we find s = 4.726. To apply the prismoidal 
formula, let 

Jx+l 

Then /i = 4, 

2/1 = V2, 2/2 = V*, 2/3 = ^^, 



and 



s = ^(V2 + 4Vt + Vf) =4.7.52. 




Fig. 42c. 



Ex. 3. Find the vol- 
ume of the spheroid 
generated by revolving 
the ellipse 

a' "^ b'- 

about the a;-axis. 

The section of the 



spheroid perpendicular to OX has the area 
A = .2/^ = .6^(1- I). 



Art. 43 



Simpson's Rule 



93 



Its volume is 






Adx. 



(43) 



Since A is a polynomial of the second degree in x (a special 
case of a third degree' polynomial), the prismoidal formula 
gives the exact volume. The three cross-sections corre- 
sponding to a; = —a, X = 0, X = a, are 

Ax = 0, A2= ■7rb\ As = 0. 
Hence 

V = ^lA, + 4:A, + As]=^Tab\ 

43. Simpson's Rule. — Divide the area between a curve 
and the a;-axis into any even number of parts by means of 
equidistant ordinates yi, j/2, ys, ■ ■ ■ , yn- (An odd number 
of ordinates will be needed.) Simpson's rule for determining 
approximately the area between y^ and y„ is 

. ^. ( yi + iy-2 + 2y3 + iyi + 2y5+ ■ ■ ■ + y„ \ 
" \ 1 + 4 + 2 + 4 + 2+ • • • +1 /' 

h being the distance between the ordinates yi and j/„. In 
the numerator the end coefScients are 1. The others are 
alternately 4 and 2. The 
denominator is the sum of 
the coefficients in the num- 
erator. 

This formula is obtained 
by applying the prismoidal 
formula to the strips taken 
two at a time and adding 
the results. Thus if the area ^i°- 43- 

is divided into four strips by the ordinates yi, y^, y 

the part between v/i and ys has a base equal to 
area as given by the prismoidal formula is 




2/4, yi, 
. Its 
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Similarly the area between yt and y^ is 

g 2^2/3 + 4 2/4 + 2/6). 

The sum of the two is 

(yi-\-iyi+2 2/3 + 42/4 + yi\ 



A = h 



12 



By using a sufficiently large number of ordinates in 
Simpson's formula, the result can be made as accurate as 
desired. 

Example. Find In 5 by Simpson's rule. Since 



in 5 



Jl X ' 



we take y = - in Simpson's formula. Dividing the interval 

X 

into 4 parts we get 

m 5 = 4(l±iii + 2;±±iii±i) = 1.622. 

If we divide the interval into 8 parts, we get 
ln5 = A(l + -| + § + f + § + f + |+| + i) = 1.6108. 

The value correct to 4 decimals is 

In 5 = 1.6094. 

44. Integration in Series. — In calculating integrals it 
is sometimes convenient to expand a function in infinite 
series and then integrate the series. This is particularly the 
case when the integral contains constants for which numerical 
values are not assigned. For the process to be valid all 
series used should converge. 

Example. Find the length of a quadrant of the ellipse 

a^ "^ 62 ^- 
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Let a be greater than 6. Introduce a parameter <^ by the 
equation 

X = asin</). 

Substituting this value in the equation of the ellipse, we find 

y = h cos <i>. 
Using these values of x and y we get 

IT 

s = fVdx^ + dy^ = j y/a? - {a^ -W)sm?4> d^. 

This is an elliptic integral. It cannot be represented by an 
expression containing only a finite number of elementary 
functions. We therefore express it as an infinite series. By 
the binomial theorem 



Since 


a 1 - 


- 62)sin2</, 

1 a^ - 62 

2 a' 




I' 


sin.^ <j> d<t> — 



. „ ^ 1 /a^ _ 6^2 -j 

^'^'^-2l(-^j^^^'^---J- 



■V Jo ^^'^''^t^ie' 

we find by integrating term by term 

[tt _ TT d'-V- Stt ( a? - by ~\ 

^""[2 8 a' 128V a^ / TJ 

2 L 4a2 64V a^ / ' ' ' J" 

If a and & are nearly equal, the value of s can be calculated 
very rapidly from the series. 

EXERCISES 

1. Show that the prismoidal formula gives the correct volume in 
each of the following cases: (a) sphere, (6) cone, (c) cylinder, (d) 
pyramid, (e) segment of a sphere, (/) truncated cone or pjrramid. 

2. Find the error when the value of the integral i x'dx is found 
by the prismoidal formula. 
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In each of the following cases compare the value given by the pris- 
moidal formula with the exact value determined by integration. 

3. Area bounded hy y = 'v'x, y = 0, a; = 1, a; = 3. 

4. Arc of the curve y = x? between x = — 2, i = + 2. 

5. Volume generated by revolving about OX one arch of the sine 
curve y = sin x. 

6. Area of the surface of a hemisphere. 

Compute each of the following by Simpson's rule using 4 intervals: 

4 Jo 1 + s2 



••f- 



Vl+a:' 
9. Length of the curve y = Ins from x = 1 to s = 5. 

10. Surface of the spheroid generated by rotating the ellipse x^ + 
41/2 = 4 about the x-axis. 

11. Volume of the soUd generated by revolving about the x-axis the 

area bounded by y = 0, y — .. . ^ , x = — 2, x = 2. 



12. Find the value of 



by expanding in series. 
13. Express 



J cos (x^) dx, 




X 



" sin (Xx) dx 



as a series in powers of X. 

14. Find the length of a quadrant of the ellipse x^ + 2y^ = 2. 



CHAPTER VIII 
DOUBLE INTEGRATION 
45. Double Integrals. — The notation 

/ f fix, y) dx dy 

is used to represent the result of integrating first with respect 
to y (leaving x constant) between the limits c, d and then 
with respect to x between the limits a, 6. 

As here defined the first integration is with respect to the 
variable whose differential stands last and its limits are 
attached to the last integral sign. Some writers integrate 
in a different order. In reading an article it is therefore 
necessary to know what convention the author uses. 

Example. Find the value of the double integral 



Jo J -X 



(x^ + 2/2) dx dy. 



We integrate first with respect to y between the limits —x, 
X, then with respect to x between the limits 0, 1. The result 
is 



_ 2 



/ / {x'^+y^)dxdy^ J^ dx{x^y + ly^)\ = j %x^dx = 

46. Area as a Double Integral. — Divide the area be- 
tween two curves y = f ix), y = F {x) into strips of width 
Ax. Let P be the point {x, y) and Q the point {x + Arc, y + 
A?/). The area of the rectangle PQ is Aa; Aj/. The area 
of the rectangle RS (Fig. 46a) is 



Aw = Ax ; dy. 

f(x) Jm ^ 
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The area bounded by the ordinates a; = a, a; =^ 6 is then 

Xb rF[x) nb rp(x) 

Aa; / dy = I I dx dy. 
^ a 'Jf(x) Ja Jj(.z) 

If it is simpler to cut the area into strips parallel to the 
a;-axis, the area is 



= j f dydx, 



the limits in the first integration being the values of x at the 
ends of a variable strip; those in the second integration, the 
values of y giving the limiting strips. 

Example. Find the area bounded by the parabola y'^,= 
4: ax + 4: a' and the straight line y = 2a — x (Fig. 466). 




Fig. 46a. 



Fig. 466. 



Solving simultaneously, we find that the parabola and the 
line intersect at A (0, 2 a) and B (8 a, — 6 a). Draw the 
strips parallel to the a;-axis. The area is 

A = f" r-'dydx= rU2a-y-t^)dy^ ^a. 

The limits in the first integration are the values of a; at E 
and S, the ends of the variable strip. The limits in the 
second integration are the values of j/ at 5 and A, corre- 
sponding to the outside strips. 
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47. Volume by Double Integration. — To find the 
volume under a surface z = f {x, y) and over a given region 
in the a;j/-plane. 

The volume of the prism PQ standing on the base Aa; Ay 
(Fig. 47o) is 

z Aa; Aj/. 

The volume of the plate BT is, then 

zAxAy = Axj z dy, 

"i(=u R J fix) 

f {x), F (x) being the values of y at R, S. The entire volume 
is the limit of the sum of such plates 

Xh PFM n PFix) 

Aa; / zdy = I f zdxdy, 
ui=i, a tJ/U) J a Jf(.x) 

a, b being the values of x corresponding to the outside plates. 
Example. Find the volume bounded by the surface 
az = a^ — x^ — iy^ and the xy-p\ane. 
z 




Fig. 47a. 



Fig. 476. 



Fig. 47& shows one-fourth of the required volume. At R, 
= 0. At S,z = and so 

2/ = I Va^ — x^. 
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The limiting values of x at and A are and a. Therefore 
y = 4 / / zdxdy — i f I -{a^ — x^ — 4:y^)dxdy 

3aJo 4 

48. The Double Integral as the Limit of a Double 
Summation. — Divide a plane area by lines parallel to the 
coordinate axes into rectangles with sides Ax and Ay. Let 
{x, y) be any point within one of these rectangles. Form 
the product 

/ (x, y) Ax Ay. 

This product is equal to the volume of the prism standing 
on the rectangle as base and reaching the surface z = f {x, y) 
at some point over the base. Take the sum of such products 




Fig. 48a. 



for all the rectangles that lie entirely within the area. We 
represent this sum by the notation 



'%^f{3i,y)^xAy. 



When Ax and Ay are taken smaller and smaller, this sum 
approaches as limit the double integral 



// 



fix,y)dxdy, 
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with the limits determined by the given area; for it approaches 
the volume over the area and that volimie is equal to the 
double integral. 
Whenever then a quantity is a limit of a sum of the form 



its value can be found by double integration. Furthermore, 
in the formation of this sum, infinitesimals of higher order 
than Ax Ay can be neglected without 
changing the limit. For, if e Ax Ay 
is such an infinitesimal, the sum of 
the errors thus made is 

2) X « Aa; Ay. 

When Ax and Ay approach zero, e 
approaches zero. The sum of the 
errors approaches zero, since it is 
represented by a volume whose thick- 
ness approaches zero. 

Example 1. An area is bounded 
by the parabola y" = 4:ax and the 
line X = a. Find its moment of 
inertia about the axis perpendicular to its plane at the 
origin. 

Divide the area into rectangles Ax Ay. The distance of 
any point P {x, y) fro m the ax is perpendicular to the plane 
at is E = OP = Vx2 + 2/2. If then {x, y) is a point 
within one of the rectangles, the moment of inertia of that 
rectangle is 

W Ax Ay = (a;2 + j/^) Ax Ay, 

approximately. That the result is approximate and not 
exact is due to the fact that different points in the rectangle 
differ slightly in distance from the axis. This difference is, 
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however, infinitesimal and, since R^ is multiplied by Ax Ay, 
the resulting error is of higher order than Aa; Ay. Hence in 
the limit 



Ex. 2. Find the center of grav- 
ity of the area bounded by the 
parabolas y^ = 4 x + 4, 2/^ = — 2 a; 
+ 4. 

By symmetry the center of 
gravity is seen to be on the 
a;-axis. Its abscissa is 




_ / 



xdA 



X = 



If we wish to use. double inte- 
gration we have merely to replace 
dA by dx dy or dy dx. From the 
figure it is seen that the first 
integration should be with respect to x. Hence 



Fig. 48c. 



X = 



X2 pm-v') 
2 Ji (y'-i) 



J-iJi 



J (4-!,=) 



xdy dx -^ 



•2 t/ 10/2-4) 



dydx 



EXERCISES 

Find the values of the following double integrals 
dxdy 



s:s: 



(x + yy 



/•2ir /-o 

2. I I rdedr. 

Jo Jaaind 

J xy dx dy. 



I e-ki^ rdedr. 

Jo 

5. r r {x'^ + y'^) dy dx. 

Jo Jy 

I dy dx. 

Jo 
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7. Find the area bounded by the parabola y^ = 2x and the line 
X = y. 

8. Find the area bounded by the parabola y'' = 4 ax, the line 
a; + 2/ = 3 a, and the s-axis. 

9. Find the area enclosed by the ellipse 

{y - s)^ + a:2 = 1. 

! 10. Find the volume under the paraboloid z = 4 — x* — 2/^ and over 
the square bounded by the lines s = ±l, j/ = ±lin the xy-plane. 

11. Find the volume bounded by the ij/-plane, the cylinder x^ + 2/^ 
= 1, and the plane x -\- y -\- z = Z. 

12. Find the volume in the first octant bounded by the cylinder 
{x — 1)^ + ()/ — 1)^ = 1 and the paraboloid xy = z. 

13. Find the moment of inertia of the triangle bounded by the 
coordinate axes and the line x -\- y = \ about the line perpendicular to 
its plane at the origin. 

14. Find the moment of inertia of a square of side a about the axis 
perpendicular to its plane at one corner. 

15. Find the moment of inertia of the triangle bounded by the lines 
x + j/ = 2, x = 2, 2/ = 2 about the x-axis. 

16. Find the moment of inertia of .the area bounded by the parab- 
ola y''- = ax and the line x = a about the line y = — a. 

17. Find the moment of inertia of the area bounded by the hyper- 
bola xi/ = 4 and the line x + ?/ = 5 about the line y = x. 

18. Find the moment of inertia of a cube about an edge. 

19. A wedge is cut from a cyhnder by a plane passing through a 
diameter of the base and inclined 45° to the base. Find its moment of 
inertia about the axis of the cylinder. 

20. Find the center of gravity of the triangle formed by the lines 
x = 2/, x + 2/ = 4, X — 2!/ = 4. 

21. Find the center of gravity of the area bounded by the parabola 
j/2 = 4 ax + 4 o" and the line y = 2a — x. 

49. Double Integration. Polar Coordinates. — Pass 

through the origin a series of lines making with each other 
equal angles A0. Construct a series of circles with centers 
at the origin and radii differing by Ar. The lines and circles 
divide the plane into curved quadrilaterals (Fig. 49a). 

Let r, e be the coordinates of P, r + Ar, 6 + Ad those of 
Q. Since PR is the arc of a. circle of radius r and subtends 
the angle M at the center, PR = r A0. Also RQ = Ar, 
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When Ar and Ad are very small PRQ will be approximately 
a rectangle with area 

PR-RQ = rAe \r. 




Fig. 49o. 

It is very easy to show that the error is an infinitesimal of 
higher order than Ad Ar. (See Ex. 5, page 107.) Hence 
the sum 



XXrABAr, 



taken for all the rectangles within a curve, gives in the limit 
the area of the curve in the form 



= //' 



de dr. (49a) 



The limits in the first integration are the values of r at 
the ends A, B of the strip across the area. The limits in the 
second integration are the values of 6 giving the outside 
strips. 

If it is more convenient the first integration may be with 
respect to 6. The area is then 



= //■ 



rdrdd. 
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The first limits are the values of d at the ends of a strip 
between two concentric circles (Fig. 496). The second limits 
are the extreme values of r. 




Fig. 49b. 



Fig. 49c. 



The element of area in polar coordinates is 
dA = rdd dr. 



(49b) 



We can use this in place of dA in finding moments of inertia, 
volumes, centers of gravity, or any other quantities expressed 
by integrals of the form 



ff 



^f{r,d)dA. 
Example 1. Change the double integral 

Jti Jo 



>V2o 



(x^ + y^) dx dy 



to polar coordinates. 

The integral is taken over the area of the semicircle 
y = V2 ax — x^ (Fig. 49c). In polar coordinates the 
equation of this circle is r = 2 a cos d. The element of area 
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dx dy can be replaced by r dB dr.* Also x^ + y^ = r^. Hence' 

1 cos 6 



Jo Jo 



Vu 



(x2 + J/2) dx dy 



J "2 r2ac 
Jo 



r^-rde dr. 



The limits for r are the ends of the sector OP The limits 

for 6 give the extreme sectors 6 = 0, 6 = ^• 

Ex. 2. Find the moment of in- 
ertia of the area of the cardioid 
r = a (1 + cos 6) about the axis 
_y perpendicular to its plane at the 
origin. 

The distance from any point P 
(r, d) (Fig. 49d) to the axis of rota- 
tion is 

OP = r. 




Fig. 49d. 
Hence the moment of inertia is 



' Jo Jo 



(HcosO) 



r^ -rdd dr 



-yy 



-\-coseYde 



35 
16 



ira\ 



Ex. 3. Find the center of gravity of the cardioid in the 
preceding problem. 

The ordinate of the center of gravity is evidently zero. 
Its abscissa is 

xdA 2 / / r cose • rdddr 

Jo «/o 



X = 



Jm 



If' 



rdddr 



6 



Ex. 4. Find the volume common to a sphere of radius 
2 a and a cylinder of radius a, the center of the sphere being 
on the surface of the cylinder. 

* This does not mean that 

dx dy = rdd dr, 

but merely that the sum of all the rectangular elements in the circle is 
«qual to the sum of all the polar elements. 
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Fig. 49e shows one-fourth of the required volume. Take 
a system of polar coordinates in the xy-pla.ne. On the, 
element of area rdddr stands a prism of height 

z = V4 a^ — f; 




Fig. 49e. 
The volume of the prism is z- rdddr and the entire volume is 

TT TT 3 

.j.2\2 2ocos9 



J a /•2 a cos 9 /^2 (4 ^2 _ 
/' Vda^-r-^-rdStir = 4 / ^^ ? 
l/O t/O — i 

jr 

= ^ r (1 - sin'^) d9 = ^a^ (Stt - 4). 

6 Jo y 



d9 



EXERCISES 



Find the values of the following integrals by changing to polar- 
coordinates : 

»^0 -'0 •'o 

J ••2a /•Vaoi— I" /•" /'V'aZ— 12 

I da;d2/- 4. I I ^a?-x^ -y^dxdy. 

5. Find the area bounded by two circles of radii a, u + Aa and two 
lines through the origin, making with the initial line the angles a, 
a + Aa, respectively. Show that when Ao and Aa approach zero,, tha 
result differs from 

a Aa Aa 

by an infinitesimal of higher order than Aa Aa. 
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6. The central angle of a circular sector is 2 a. Find the moment 
of inertia of its area about the bisector of the angle. 

7. An area is bounded by the circle r = a ^2 and the straight 

line r = asecle —j\. Find its moment of inertia about the axis per- 
pendicular to its plane at the origin. 

8. Find the center of gravity of the area in Ex. 6. 

9. The center of a circle of radius 2 a hes on a circle of radius a. 
Find the moment of inertia of the area between them about the 
common tangent. 

10. Find the moment of inertia of the area of the lenmiscate r^ = 
2 a^ cos 2 e about the axis perpendicular to its plane at the origin. 

11. Find the moment of inertia of the area of the circle r = 2a 

a 

outside the parabola, r = a sec^ -x about the axis perpendicular to its 
plane at the origin. 

12. Find the moment of inertia about the y-axia of the area within 
the cu-cle (x — a)' + (y — a)' = 2 a'. 

13. The density of a square lamina is proportional to the distance 
from one comer. Find its moment of inertia about an edge passing 
ihrough that corner. 

14. Find the moment of inertia of a cylinder about a generator. 

15. Find the moment of inertia of a cone about its axis. 

16. Find the volume under the spherical surface x' + j/' + z^ = a^ 
and over the lemniscate r^ = c? cos 2 9 in the a;y-plane. 

17. Find the volume bounded by the xy-plane, the paraboloid 
az = 1? -\- y' and the cylinder x^ -\- y^ = 2 ax. 

18. Find the moment of inertia of a sphere of density p about a 
diameter. 

19. Find the volume generated by revolving one loop of the curve 
r = a cos 2 about the initial line. 

50. Area of a Surface. — Let an area A in one plane be 
projected upon another plane. The area of the projection is 

A' = A cos (j), 

when <i> is the angle between the planes. 

To show this divide A into rectangles by two sets of lines 
respectively parallel and perpendicular to the intersection 
MN of the two planes. Let a and h be the sides of one of 
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these rectangles, a being parallel to MN. The projection of 
this rectangle will be a rectangle with sides 

a' = a, b' = b cos (^, 



and area 



a'b' = ab cos (j). 



The sum of the projections of all the rectangles is 

■ ^a'b' = ^ab cos <ji. 

As the rectangles are taken smaller and smaller this 
approaches as limit 

A' = A cos 0, 

which was to be proved. 




Fig. 50a. 

To find the area of a curved surface, resolve it into elements 
whose projections on a coordinate plane are equal to the 
differential of area dA in that plane. The element of surface 
can be considered as lying approximately in a tangent plane. 
Its area is, therefore, approximately 

dA 

C0S(/> 

where <j) is the angle between the tangent plane and the 
coordinate plane on which the area is projected. The area 
of the surface is the limit 

r dA 

J cos (j) 



S 



no 
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The angle between two planes is equal to that between 
the perpendiculars to the planes. Therefore is equal to 
zl 
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Fig. 506. 

the angle between the normal to the surface and the co- 
ordinate axis perpendicular to the plane on which we project. 
If the equation of the surface is 

F(x,2/,3) = 0, 

the cosine of the angle between its normal and the 2-axis is 
(Differential Calculus, Art. 101) 

dz 
cos 7 



\/©"+(f)'+0' 



The cosines of the angles between the normal and the x-axis 

t^W fiW riJP 

or w-axis are obtained by replacing t— by -— or ^r-. In 

az ax ay 

finding areas the algebraic sign is assumed to be positive. 

Example 1. Find the area of the sphere x^ + y'^ + z^ = a* 
within the cylinder x^ + y'^ = ax. 

Project on the xy-pla,ne. The angle is then the angle y 

between the normal to the sphere and the z-axis. Its cosine is 

z z 

cos v •— ^ — — — , 

Va;2 + 2/2 + z2 a 
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Using polar coordinates in the xy-plane, 

z = Va^ - a;2 _ y2 ^ VciF^^. 

Hence the area of the surface is 

5=r-^ = 4rr"^^^^ = 2a^(— 2). 
J COST Jo Jo Va^ — r^ 

Ex. 2. Find the area of the surface of the cone y^ + 

z^ = x^ in the first octant bounded by the plane y + z = a. 

Project on the j/z-plane. Then <j} = a and 

_ a; _ X 1__ 

Vx^ + y^+z' ~ a/2x2 V2 

The area on the cone is therefore 



/ V2dydz = 

t/o 




EXERCISES 

1. Find the area of the triangle cut from the plane 

a; + 2t/ + 32 = 6 

by the coordinate planes. 

2. Find the area of the surface of the cylinder x'' -\- y'^ = a? between 
the planes « = 0, z = mx. 

3. Find the area of the surface of the cone x'^ + ifi = i? cut out by 
the cylinder a;^ + j/^ = 2 ax. 

4. Find the area of the plane x +y +z = 2a in the first octant 
bounded by the cylinder x^ +y' = a?. 

5. Find the area of the surface z' = 2xy above the xy-plaae bounded 
by the planes y = 1, x — 2. 

6. Find the area of the surface of the cylinder x' + y^ = 2ax 
between the xy-p\a,ne and the cone x' -\- y' = z^. 

7. Find the area of the surface of the paraboloid 2/^ + z^ = 2 ax, 
intercepted by the parabolic cylinder y' = ax and the plane x = a. 

8. Find the area intercepted on the cylinder in Ex. 4. 

9. A square hole of side a is cut through a sphere of radius a. If 
the axis of the hole is a diameter of the sphere, find the area of the 
surface cut out. 



CHAPTER IX 
TRIPLE INTEGRATION 
51. Triple Integrals. — The notation 

J; ; f{x,y,z)dxdydz 

is used to represent the result of integrating first with respect 
to 2 (leaving x and y constant) between the Umits Zi and z^, 
then with respect to y (leaving x constant) between the 
limits y\ and y^, and finally with respect to x between the 
limits Xi and x^. 




Fig. 52o. 

52. Rectangular Coordinates. — Divide a solid into 

rectangular parallelepipeds of volume Ax Ay Az by planes 
parallel to the coordinate planes. To find the volume of 

112 
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the solid, first take the sum of the parallelepipeds in a vertical 
column PQ. The result is 



- V Aa; A?/ A2 = Air Ay j dz, 



Zi and Zi being the values of z at the ends of the column. 
Then sum these columns along a base MN and so obtain the 
volume of the plate MNR. The result is 

lim V Ax Aj/ 1 dz = Ax I I dy dz, 

2/1 and 2/2 being the limiting values of y in the plate. Finally, 
take the sum of these plates. The result is the triple integral 

tA T"' r^ C"^ C"' C'^ 

V = lim ^Axj j dy dz = J j j dxdy dz, 

Xi, X2 being the limiting values oi'x. 

It may be more convenient to begin by integrating with 
respect to x or y. In any case the hmits can be obtained 
from the consideration that the first integration is a summa- 
tion of parallelepipeds to form a prism, the second a summa- 
tion of prisms to form a plate, and the third integration a 
summation of plates. 

Let (x, y, z) be any point of the parallelepiped Ax Ay As. 
Multiply Ax Ay Az. by / (x, y, z) and form the sum 

taken for all parallelepipeds in the solid. When Ax, Ay, and 
Az approach zero, this sum approaches the triple integral 



Iff' 



f (x, y, z) dx dy dz 

as limit. It can be shown that terms of higher order than 
Ax Ay Az can be neglected in the sum Avithout changing 
the limit. 
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The differential of volume in rectangular coordinates is 
dv = dx dy dz. 

This can be used in the formulas for moment of inertia, center 
of gravity, etc., those quantities being then determined by 
triple integration. 

Example 1. Find the volume of the ellipsoid 



a' 



-4-^4-- = 1 
"2 ^ 62 ^ c^ 



Fig. 52a shows one-eighth of the required volume. Therefore 
V = 8 j I j dxdydz. 

The limits in the first int egration are the values z = at P 

and 2 = cvl 5 — r^ at Q. The limits in the second 

T a^ b' 

integration are the values of y a t M a nd N. At M, y = 

I 7? 
and at i\7", z = 0, whence y = 6 y 1 5. Finally, the limits 

for X are and a. Therefore 



/ dxdydz = % Tubc 




Fig. 526. 



Ex. 2. Find the center of gravity of the sohd bounded 
by the paraboloid y^ -\- 2 z^ = 4x and the plane x = 2. 
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By symmetry y and z are zero. The x-coordinate is 

xdv 4 / / / xdzdydx . 

_ _ Jo Jo JHy'+2z') 4^ 

I dv 4: I I I dzdydx 

The limits for x are the values x — \ {y^ + 2 z^) at P and 
a; = 2 at Q. At S, a; = 2 and i/ = V4 x - -2 z^ = V8 - 2 z^. 
The limits for y are, therefore, j/ = at R and y = 
VS - 2 z2 at S. The Umits for z are z = at^A and z = 2 
atB. 

Ex. 3. Find the moment of inertia of a cube about an 
edge. 

z 




Fig. 52c. 

Place the cube as shown in Fig. 52c and determine its 
moment of inertia about the z-axis. The distance of any 
point {x, y, z) from the 2-axis is 

R = Vx" + y\ 
Hence the moment of inertia is 

1= f" r f\x'+f)d!»dydz = ^a\ 

Jo Jo Jo 

where a is the edge of the cube. 
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EXERCISES 

1. Find by triple integration the volume of the pyramid determined 
by the coordinate planes and the plane x + y + z = 1. 

2. Find the moment of inertia of the pyramid in Ex. 1 about the 
a;-axis. 

3. A wedge is cut from a cylinder of radius a by a plane passing 
through a diameter of the base and inclined 45° to the base. Find its 
center of gravity. 

4. Find the volume bounded by the paraboloid 4% + -x = 2- and 

0' c' a 

the plane x = a. 

6. Express the volume of the cone 

(z - ly ^x'^ + y' 

in the first octant as a triple integral in 6 ways by integrating with dx, 
dy, dz, arranged in all possible orders. 

6. Find the volume bounded by the surfaces y'^ •= Aa? — Z ax, y^ = 
ax, z = ±h. 

7. Find the volume bounded by the cylinder sfl = 1 — x — y and 
the coordinate planes. 

53. Cylindrical Coordinates. — Let M be the projection 
of P on the a;2/-plane. Let r, d be the polar coordinates of M 

in the xy-plane. The cylindrical 
coordinates of P are r, 6, z. 
From Fig. 53a it is evident that 
X = r cos d, y = r sin d. 

By using these equations we can 
change any rectangular into a 
. cylindrical equation. 

The element of volume in cy- 
lindrical coordinates is the volume 
PQ, Fig. 536, bounded by two 
cylindrical surfaces of radii r, 
r + Ar, two horizontal planes z, z + Az, and two planes 
through the z-axis making angles d, 8 + \e with OX. The 
base of PQ is equal to the polar element MN in the xy- 
plane. Its altitude PR is Az. Hence 

dv = rde dr dz. (53) 




Fig. 53a. 
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This value of dv can be used in the formulas for volume, 
center of gravity, moment of inertia, etc. In problems con- 
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Fig. 53c. 



nected with cylinders, cones, and spheres, the resulting 
integrations are usually much easier in cyhndrical than in 
rectangular coordinates. 
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Example 1. Find the moment of inertia of a cylinder 
about a diameter of its base. 

Let the moment of inertia be taken about the a;-axis, 
Fig. 53c. The square of the distance from the element PQ 
to the a;-axis is 

Ri = y2 ^ z^ := ,3 sin^ e + z^ 

The moment of inertia is therefore 

B^dv-' I f I ir^siri' e + z')rdddzdr 

I/O I/O •vo 



wo'h 
12 



(3a2+4/i2). 



The first integration is a summation for elements in the 
wedge RS, the second a summation for wedges in the slice 
OMN, the third a summation for all such slices. 

Ex. 2. Find the volume bounded by the xy-plane, the 
cylinder ]X^ + y^ = ax, and the sphere x"^ -{- y^ + z^ = a^. 




Fig. 53d. 



In cyUndrical coordinates, the equations of the cylinder 
and sphere are r = acosd and r^ + z^ = a^. The volume 
required is therefore 

J I rdedrdz = ia^(3T-4:). 
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54. Spherical Coordinates. — The spherical coordinates 
of the point P (Fig. 54a) are r =^ OP and the two angles d and 
^. From the diagram it is 
easily seen that 

X = r sin <t> cos 6, 
2/ = r sin sin 6, 
z = r cos 0. 

The locus r = const, is 
sphere with center at 0; 6 = 
const, is the plane through OZ 
making the angle 6 with OX; 
(j} = const, is the cone gener- 
ated by hnes through making the angle <l> with OZ. 

The element of volume is the volume PQRS bounded 





Fig. 54b. 



by the spheres r, r + Ar, the planes 6,6 -]- AO, and the cones 
<t>, (l> + A<^.. When Ar, A<^, and Ad are very small this is 
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approximately a rectangular parallelepiped. Since OP = r 
and FOR = A0, 

PR = r L<t>. 

Also OM = OP sin <i> and the arc PS is approximately equal 
to its projection MN, whence 

PS = MN = r sin <> ^^, 

approximately. Consequently 

Av = PR-PS-PQ = 7-2 sin <^ A9 • A0 • Ar, 

approximately. When the increments are taken smaller 
and smaller, the result becomes more and more accurate. 
Therefore r 

dv = f^ sin (j)d9d(t> dr. (54) 

Spherical coordinates work best in problems connected 
with spheres. They are also very useful in problems where 
the distance from a fixed point plays an important role. 




Fig. 54c. 



Example. If the density of a solid hemisphere varies as 
the distance from the center, find its center of gravity. 

Take the center of the sphere as origin and let the z-axis 
be perpendicular to the plane face of the hemisphere. By 
symmetry it is evident that x and y are zero. The density 
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is p = kr, where k is constant. Also z = r cos 0. Hence 



fzdm f 



krzdv 



krdv 



J dm J 

fir* cos (j) sin dd d(j) dr 

Jo J 



t/0 «/o 2 
i =5^- 

J''2jr ra fa 
I I r^ sin <^ de d0 dr 
t/0 t/0 



EXERCISES 

1. Find the volume bounded by the sphere x^ + y^ + z' = i and 
the paraboloid x^ -\- y^ = 3 z. 

2. A right cone is scooped out of a right cylinder of the same height 
and base. Find the distance of the center of gravity of the remainder 
from the vertex. 

3. Find the volume bounded by the surface z = e-d'+s'^) and the 
xy-plane. 

4. Find the moment of inertia of a cone about a diameter of its base. 
6. Find the volume of the cylinder x^ + y^ = 2 ax intercepted 

between the paraboloid x^ + y^ = 2az and the ly-plane. 

6. Find the center of gravity of the volume common to a sphere of 
radius a and a cone of vertical angle 2 a, the vertex of the cone being at 
the center of the sphere. ^ 

7. Find the center of gravity of the volume bounded by a spherical 
surface of radius a and two planes passing through its center and in- 
cluding an angle of 60°. 

8. The vertex of a cone of vertical angle ■= is on the surface of a 

sphere of radius a. If the axis of the cone is a diameter of the sphere, 
find the moment of inertia of the volume common to the cone and 
sphere about this axis. 

55. Attraction. — Two particles of masses mi, m^, sepa- 
rated by a distance r, attract each other with a force 

kmim2 
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where A; is a constant depending on the units of mass, dis- 
tance, and force used. A similar law expresses the attraction 
or repulsion between electric charges. 

To find the attraction due to a continuous mass, resolve 
it into elements. Each of these attracts with a force given 
by the above law. Since the 
forces do not all act in the 
isame direction we cannot ob- 
tain the total attraction by 
merely adding the magnitudes 
•of the forces due to the sev- ^^°' ^^"" 

«ral elements. The forces must be added geometrically. 
For this purpose we calculate the sum qf the components 
along each coordinate axis. The force having these sums 
as components is the resultant attraction. 

If dm is the mass of an element at P, r its distance from 0, 
and 6 the angle between OX and OP, the attraction between . 
this element and a unit particle at is 

, 1 • dm _ k dm 

This force acts along OP. Its component along OX is 

cos 6 • k dm 
? 

The component along OX of the total attraction is then 

"k cos d dm 



-r 



The calculation of this integral may involve single, double, 
or triple integration, depending on the form of the attracting 
mass. 

Example 1. Find the attraction of a uniform wire of 
length 2 I, and mass M on a particle of unit mass at distance 
c along the perpendicular at the center of the wire. 

Take the origin at the unit particle and the a;-axis perpen- 
dicular to the wire. Since particles below OX attract down- 
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ward just as much as those above OX attract upward, the 
vertical component of the total attraction is zero. The 
component along OX is, therefore, the total attraction. 
The mass of the length dy of the wire is 

Mdy 



21 



Hence 



m 

21 



f- 



'cos 8 dy 



For simplicity of integration it is better to use d as variable. 
Then y = c tan d, dy = .c sec^ 6 dd, and 




21 J-„ 



Fig. 556. 



cos 6 • c sec^ 6 < 



kM . 



<? sec^ Q 



cl 



sma, 



where a is the angle XOA. 
X = 



In terms of I this is 
kM 



c Vc^ + P 



Ex. 2. Find the attraction of a homogeneous cylinder of 
mass M upon a particle of unit mass on the axis at distance c 
from the end of the cylinder. 

By symmetry it is clear that the total attraction will act 
along the axis of the cyUnder. Take the origin at the attract- 
ing particle and let the y-axis be the axis of the cylinder. 
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Divide the cylinder into rings generated by rotating the 
elements dx dy about the y-axis. The volume of such a 
ring is 

2 irx dx dy 

and it^ mass is 

dm = — rr • 2irxdxdy = —^j-^dxdy. 




Since all points of this ring are at the same distance from 
and the joining lines make the same angle d with OY, the 
vertical component of attraction is 



, fcosedm _ , fydm _2Mk ('"+'' A : 
"J r^ ~ J r^ ~ a% j. Jo I 



xy dy dx 
x'+f)^ 



2Mk 



= -^ Ih + V^Tc^ - Va' + ic + hy]. 
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EXERCISES 

1. Find the attraction of a uniform wire of mass M and length I on 
a particle of unit mass situated in the line of the wire at distance c from 
its end. 

2. Find the attraction of a wire of mass M bent in the form of a 
semicircle of radius a on a unit particle at its center. 

3. Find the attraction of a flat disk of mass M and radius a on a 
unit particle at the distance c in the perpendicular at the center of the 
disk. 

4. Find the attraction of a homogeneous cone upon a unit particle 
situated at its vertex. 

6. Show that, if a sphere is concentrated at its center, its attraction 
upon an outside particle will not be changed. 

6. Find the attraction of a homogeneous cube upon a particle at 
one corner. 



CHAPTER X 
DIFFERENTIAL EQUATIONS 

56. Definitions. — ■ A differential equation is an equation 
containing differentials or derivatives. Thus 

(x^ + 2/2) dx + 2xydy = 0, 

dx^ dx 

are differential equations. 

A solution of a differential equation is an equation connect- 
ing the variables such that the derivatives or differentials 
calculated from that equation satisfy the differential equa- 
tion. Thus y = x^ — 2xissi solution of the second equation 
above; for when x'^ — 2x is substituted for y the equation is 
satisfied. 

A differential equation containing only a single independent 
variable, and so containing only total derivatives, is called 
an ordinary differential equation. An equation containing 
partial derivatives is called a partial differential equation. 
We shall consider only ordinary differential equations in this 
book. 

The order of a differential equation is the order of the 
highest derivative occurring in it. 

57. Illustrations of Differential Equations. — Whenever 
an equation connecting derivatives or differentials is known, 
the equation connecting the variables can be determined by 
solving the differential equation. A number of simple cases 
were treated in Chapter I. 

The fundamental problem of integral calculus is to find 
the function 



y = ff{x) 



dx, 
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when / (a;) is given. This is equivalent to solving the differ- 
ential equation 

dy = f {x) dx. 

Often the slope of a curve is known as a function of x and y, 
dy 



dx 



= f{^,y)- 



The equation of the curve can be found by solving the 
differential equation. 

In mechanical problems the velocity or acceleration of a 
particle may be known in terms of the distance s the particle 
has moved and'the time t, 

ds _ d^s 

di~^' dP 



= a. 



The position s can be determined as a function of the time by 
solving the differential equation. 

In physical or chemical problems the rates of change of 
the variables may be known as functions of the variables 
and the time. The values of those variables at any time can 
be found by solving the differential equations. 

Example. Find the curve in which the cable of a suspension 
bridge hangs. 




Let the bridge be the x-axis and let the y-axis pass through 
the center of the cable. The portion of the cable AP is in 
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equilibrium under three forces, a horizontal tension H at A, 
a tension PT in the direction of the cable at P, and the 
weight of the portion of the bridge between A and P- The 
weight of the cable, being very small in comparison with that 
of the bridge, is neglected. 

The weight of the part of the bridge between A and P is 
proportional to x. Let it be Kx. Since the vertical com- 
ponents of force must be in equilibrium 
T sin (^ = Kx. 

Similarly, from the equihbrium of horizontal components, 
we have 

r cos ()b = H. 
Dividing the former equation, by this, we get 



tan ((> = yzX. 
a 



But tan ^ = -J- . Hence 



dx 

^-^^ 
dx H 

The solution of this equation is 

y = ^x^ + c. 

The curve is therefore a parabola. 

58. Constants of Integration. Particular and General 
Solutions. — To solve the equation 

we integrate once and so obtain an equation with one arbi- 
trary constant. 



y = Jf{x)dx + c. 



'-^^=/w 
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To solve the equation 

we integrate twice. The result 

y = I j f{x)dx^ + cix + d 

contains two arbitrary constants. Similarly, the integral of 
the equation 

contains n arbitrary constants. 

These illustrations belong to a special type. The rule 
indicated is, however, general. The complete, or general, 
solution of a differential equation of the nth order in two vari- 
ables contains n arbitrary constants. If particular values are 
assigned to any or all of these constants, the result is still a 
solution. Such a solution is called a particular solution. 

In most problems leading to differential equations the 
result desired is a particular solution. To find this we 
usually find the general solution and then determine the 
constants from some extra information contained in the 
statement of the problem. 

Example 1. Show that' 

x^ +y^ — 2cx = 
is the general solution of the differential equation 

y^-x^-2xy^ = 0. 

Differentiating x^ -\- y^ — 2cx = 0, we get 

2x + 2,|-2c = 0, 

whence 

dy _ c — X 
dx V 



130 Differential Equations Chap. 10 

Substituting this value in the differential equation, it becomes 
y2-x^-2xy-^ = y^- x--2x{c- x) =y"'+x^-2cx = 0. 

Hence x^ + y^ — 2 ex = is a solution. Since it contains 
one constant and the differential equation is one of .the first 
order, it is the general solution. 

Ex. 2. Find the differential equation of which y = Cie" + 
C2e^* is the general solution. 

Since the given equation contains two constants, . the 
differential equation is one of the second order. We there- 
fore differentiate twice and so obtain 





g = cie« + 4ce^-, 


Ehminating ci. 


we get 




dx' dx ^^'^ ' 




dy ,, 




dx-y = '^''■ 


Hence 






d'y dy ^ fdy 
dx' dx \dx 


or 






S-4+^»=» 



This is an equation of the second order having y = cyC" + 
026^"^ as solution. It is the differential equation required. 

EXERCISES 

In each of the following exercises, show that the equation given is a 
solution of the differential equation and state whether it is the general 
or a particular solution. 
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2. x^ - j/2 = ex, {x'- + y') dx -2xydy = 0. 

3. , = ce^sinx, g_2| + 2, = 0. 

4. y=c^ + CBm(.x + c), g + g = 0. 

Find the differential equation of which each of the following equa- 
tions is the general solution: 

_ ci 7. 2/ = ci sin X + C2 cos X. 

Q.y-cix+^- S. x''y = Ci + Cilax + cix\ 

6. y = cxe'. 9. x' + cixy + c^y' = 0. 

59. Differential Equations of the First Order in Two 
Variables. — By solving for -^ an equation of the first 
order in two variables x and y can be reduced to the form 

To solve this equation is equivalent to finding the curves 
with slope equal to / (x, y) . The solution contains one 




Fig. 59. 

arbitrary constant. There is consequently an infinite num- 
ber of such curves, usually one through each .point of the 
plane. 

We cannot always solve even this simple type of equa- 
tion. In the following articles some cases will be discussed 
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which frequently occur and for which general methods of 
solution are known. 

60. Variables Separable. — A differential equation of 
the form 

Mdx+Ndy = 

is called separable if each of the coefficients M and iV con- 
tains only one of the variables or is the product of a function 
of X and a function of y. By division the x's and dx can be 
brought together in the first term, the j/'s and dy in the 
second. The two terms can then be integrated separately 
and the sum of the integrals equated to a constant. 

Exam-pie 1. {\ + x^) dy — xy dx = 0. 

Dividing by (1 + x') y, this becomes 

dy _ xdx 
y ~ \+x^' 
whence 

lny = ^ln{l+x^) + c. 

If c = In k, this is equivalent to 



In 2/ = In V 1 + x^ + In fc = In fc Vl + a;2, 

and so 

y = fc Vl + x\ 

where k is an arbitrary constant. 

Ex. 2. Find the curve in which the area bounded by the 
curve, coordinate axes, and a variable ordinate is proportional 
to the arc forming part of the boundary 

Let A be the area and s the length of arc. Then 

A = ks. 
Differentiating with respect to x, 

dA _ ,ds^ 
dx dx' 
or 
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Solving for -p, 

dx k ' 

whence 

Vy^ -k^ k' 
The solution of this is 

In (2/ + V^'^Tfci) =| + c. 

Therefore 

X, X X 

y + Vy^ — fc" = e* = e^e* = Cie', 
where ci is a new constant. Transposing y and squaring, 
■ we get 

( -Y - 

yi — k^ = \cie*/ — 2 cie*2/ + y^. 
Hence, finally, 

61. Exact Differential Equations. — An equation 
du = 0, 

obtained by equating to zero the total differential of a func- 
tion u of X and y, is called an exact differential equation. 
The solution, of such an equation is 

u = c. 

The condition that M dx + N dy be an exact differential 
is (Diff. CaL, Art. 100) 

■^ = f. (61) 

dy dx 

This equation, therefore, expresses the condition that 

Mdx+Ndy = Q 

be an exact differential equation. 



134 Differential Equations Chap. 10 

An exact equation can often be solved by inspection. To 
find u it is merely necessary to obtain a function whose total 
differential is M dx + N dy. 

If this cannot be found by inspection, it can be determined 
from the fact that 

du = M dx + N dy 
and so 

du ,, 
— = M. 
dx 

By integrating with y constant, we therefore get 
u = jMdx+fiy). 

Since y is constant in the integration, the constant of inte- 
gration may be a function of y. This function can be found 
by equating the total differential of u to M dx + N dy. 
Since df (y) gives terms containing y only, / (y) can usvally 
be found by integrating the terms in N dy that do not contain x. 
In exceptional cases this may not give the correct result. 
The answer should, therefore, be tested by differentiation. 

Example 1. (2 x — y) dx + (4:y — x) dy = 0. 

The equation is equivalent to 

2xdx + 4iy dy — (ydx+x dy) = d{x^ + 2y^ — xy) — 0. 
It is therefore exact and its solution is 
x^ -\-2y^ — xy = c. 



Ex. 2. {\ny -2x)dx + i^-2 y\dy= 0. 



In this case 



dM d ,, o ^ 1 

-r- = — (In 2/ - 2 cc) =-> 
dy dy^ " ' y 

dN^d_/x_^ \ 1_ 
dx dx\y V y 
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These derivatives being equal, the equation is exact. Its 
solution is 

xlny— x^ — y^ = c. 

The part xlny — xMs obtained by integrating (In y — 2x)dx 
with y constant. The term — y^ is the.integral of — 2 y dy, 

which is the only term in ( 2y]dy that does not contain x. 

62. Integrating Factors. — If an equation of the form 
M dx + N dy = is not exact it can be made exact by 
multiplying by a proper factor. Such a multipher is called 
an integrating factor. 

For example, the equation 

xdy — ydx'= 

is not exact. But if it is multiplied by — > it takes the form 



xdy— ydx 



-(!) = » 



which is exact. It also becomes exact when multiplied by 

-^ or — . The functions -51 -5 » — are all integrating factors 
y^ xy x^ y xy o a 

of X dy — y dx = 0. 

While an equation of the form M dx -{■ N dy = always 
has integrating factors, there is no general method of finding 
them. 

Example 1. y (I + xy) dx — x dy — 0. 

This equation can be written 

ydx— xdy + xy^ dx= 0. 

Dividing by y^, 

ydx — xdy , , . 
5 ^ + xdx = 0. 

Both terms of this equation are exact differentials. The 

solution is 

a; , 1 , 

- + 5 aJ = c. 
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Ex. 2. (2/2 + 2 xy) dx + (2x^ + 3 xy) dy = 0. 

This is equivalent to 

y^dx + 3xydy + 2xydx + 2 x' dy = 0. 

, Multiplying by y, it becomes 

y^dx + 3 xy^ dy + 2 xy'' dx + 2 x^y dy = d (xy^ + xV) = 0. 

Hence 

xy^ + x^y^ = c. 

63. Linear Equations. — A differential equation of the 
form 

% + Py = Q, (63a) 

where P and Q are functions of x or constants, is called 
linear. The linear equation is one of the first degree in one 
of the variables {y in this case) and its derivative. Any 
functions of the other variable can occur. 

If the linear equation is written in the form (63a), 

/Pi. 

is an integrating factor; for when multiplied by this factor 
the equation becomes 

The left side is the derivative of 

fPdx 

ye 

Hence 



ye 
is the solution. 



= fe^^^^Qdx + c (63b) 



Exam-pie 1. -^ -\--y = x^. 



Art. 64 Equations Reducible to Linear Form 137 

In this case 



P'^ = Il 



■dx = 2\nx = In 3?. 
Hence 



e = e = X', 



= ^2 



The integrating factor is, therefore, x^. Multiplying by x^ 
and changing to differentials, the equation becomes 

x^dy +2 xy dx = x^ dx. 
The integral is 

x^y = I a;« + c. 
Ex. 2. (1 + 2/2) dx-ixy+y+ y') dy = 0. 
This is an equation of the first degree in x and dx. Divid- 
ing by (1 + y^) dy, it becomes 

dx y _ 

d^~T+t''-y- 

P is here a function of y and 



Vl+2/2 

Multiplying by the integrating factor, the equation becomes 
dx xydy _ ydy 

VT+J^ ~ (1 + j/2)t ~ VT+f' 
whence 

VT+f + c 



Vl+2/2 
and 



x 



= 1 + 2/2 + c Vl+yK 



64. Equations Reducible to Linear Form. — An equation 
of the form 

^ + Pj/ = Qr, (64) , 
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where P and Q are functions of x, can be made linear by a 
change of variable. Dividing by y", it becomes 

If we take 

as a new variable, the equation takes the form 

which is linear. > 

Example. -^ + -y =~ 
dx x z^ 



Division by y^ gives 
Let 



_,dy . 2 _, 1 
^ dx a; " x^ 



Then 




u = y- 


2_ 






du 
dx~ 


'y-t- 


whence 












" dx 


1 dw 
2dx' 


Substituting 


these values, we 


get 


and so 




Idu 
2dx^ 


2 1 






du 4 
dx X 


2 


This is a linear 


equation with solution 






1 


i+cri'S 


or, since u = 


y- 


-2 ■ 

I 





2/2 3 2)2 + ^^- 
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65. .Homogeneous Equations. — A function / {x, y) is 
said to be a homogeneous function of the nth degree if 

fitx,tv)=t"fix,y). 

Thus Vx^ -f y^ is a homogeneous function of the first 
degree; for 

VxH' + yH'^ = t Vx2 + 3/2. 

It is easily seen that a polynomial whose terms are all of 
the nth degree is a homogeneous function of the nth degree. 
The differential equation 

Mdx+Ndy = Q 

is called homogeneous if M and N are homogeneous functions 
of the same degree. To solve a homogeneous equation 
substitute 

y = vx. 

The new equation will be separable. 

Example 1. x-r- — y = Vx^ + y". 

This is a homogeneous equation of the first degree. Sub- 
stituting y = vx, it becomes 



: Iv + aj-j-j — vx = Vx^ + v^: 



whence 

^ * = vr+^. 

ax 
This is a separable equation with solution 
X = c{v + Vl + v^). 

Replacing u by -, transposing, squaring, etc., the equation 

becomes 

x^ — 2 cy = c^. 
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Differential Equations 


Ex.2. 2/( 


dyV 
ixj 


+ ^«l 


-y = o. 


Solving for 


dy 
dx' 


we get 

dy - 






X ± Va;2 + y' 






dx 


y 



or 

ydy+xdx= ± Vx^ + y^ dx. 

This is a homogeneous equation of t he first degree. It is 
much easier, however, to divide by Vx^ + y^ and integrate 
at once. The result is 

xdx-Hdy ^ 
Vx^ + 2/2 
whence 



Vx^ + y^ = c ± X 
and 

2/2 = c^ ± 2 ex. 

Since c may be either positive or negative, the answer can be 
written 

2/2 = c2 + 2 ex. 

66. Change of Variable. — We have solved the homo- 
geneous equation by taking as new variable 

X 

It may be possible to reduce any equation to a simpler form 
by taking some function m of x and y as a new variable or by 
taldng two functions u and v as new variables. Such func- 
tions are often suggested by the equation. In other cases 
they may be indicated by the problem in the solution of 
which the equation occurs. 



Example, (x — yY-f- 



= n2 
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Let X— y = u. Then 

, _ dy _ dw 
dx dx 

and the diflferential equation becomes 

whence 

w2 — a' = m2 __ . 
dx 

The variables are separable. The solution is 

, a, u — a , 
X = u +;rln- 



or 



2 u -\- a 

, a. X — y — a , 

= x — y+-\n 2_^ \- c, 

2 X — y +a ' 



a, X — y — a 
2/ = 5ln- 



2' x-y+a^"" 

EXERCISES 

Solve the following differential equations: 

1. x' dy — y'dx = 0. 

2. tan X sitf i/ da; + cos^ x cot ydy = 0. 

3. (sj/^ + a;) dx + (y — x'^j/) dj/ = 0. 

4. (xi/2 + x) dx + (x^j/ — y)dy = 0. 

5. (3 x2 + 2 xi/ - !/2) dx + {x'-2xy -3 y') dy = 0. 

6. x^ -y = y\ 12. (2 x2/2 - j/) dx + x d?/ = 0. 

7. xdy + ydx = a{x^ + y^) dy. 13. (i _3.2) ^ +2 xj/ = (1 -x2)2. 

8. x^ + 2/ = !/2. 

d^ . .. . dy 

J, 14. tanx-5^— « = a. 

Q.f-ay^ eK ^^ 

10. x^g-2x, = 3. "• -J-32/+xV = 0. 

11. x2 ^ - 2xy = 3 y. 16. '^ + 2/ = a;2/'. 
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17. (x2 - 1)5 dy + (T> + 3xy V^TTJ) ^i = 0. 

18. xdx + (x + y)dy = 0. 

19. (i2 + 2/') dx-2xydy = 0. 

20. ydx + {x + y)dy = 0. 

21. (x3 - 3 x'^y) dx + (2/' - x') dy = 0. 

22. ye^dx = {f + 2xei')dy. 

23. ia;j/e* + 2/Vda; -x^e^di/ = 0. 

24. (x + 2/-_l)dx+(2x + 2y-3)dy = 0. 

25. 32/»g-y» = x. - 
26. 



29. .'(g)V2x.|-.^ = 0. 



30. The differential equation for the charge g of a condenser having 
a capacity C connected in series with a circuit of resistance R is 

^dl+C-^' 

where E is the electromotive force. Find d as a function of i if S is 
constant and g = when t = 0. 

31. The differential equation for the current induced by an electro- 
motive force E sin at in a circuit having the inductance L and resist- 
ance R is 

di 
L -j7 + fli = £ sin cd: 

Solve for i and determine the constants so that i = I when t = 0. 

Let Pr be the tangent and PN the normal to a plane curve at 
P {x, y) (Fig. 660). Determine the curve or curves in each of the 
following cases: 

32. The subtangent TM = 3 and the curve passes through (2, 2). 

33. The subnormal MN = o and the curve passes through (0, 0).' 

34. The intercept OT of the tangent on the x-axis is one-half the 
abscissa OM. 

36. The length PT of the tangent is a constant a. 

36. The length PN of the normal is a constant a. ' 

37. The perpendicular from M to PT is a constant a. 



Art. 67 Certain Equations op the Second Obder 143 

Using polar coordinates (Fig. 666), find the curve or curves in each 
of the following cases: 




Fig. 66a. 



FlQ. 666. 



38. The curve passes through (1, 0) and makes with OP a constant 
angle 1^ =|- 

39. The angles \j/ and B are equal. 

40. The distance from to the tangent is a constant a. 

41. The projection of OP on the tangent at P is a constant a. 

42. Find the curve passing through the origin in which the area 
bounded by the curve, x-axis, a fixed, and a variable ordinate is pro- 
portional to that ordinate. 

43. Find the curve in which the length of arc is proportional to the 
angle between the tangents at its end. 

44. Find the curve in which the length of arc is proportional to the 
difference of the abscissas at its ends. 

45. Find the curve in which the length of any arc is proportional to 
the angle it subtends at a fixed point. 

46. Find the curve in which the length of arc is proportional to the 
difference of the distances of its ends from a fixed point. 

47. Oxygen flows through one tube into a Uter flask filled with air 
while the mixture of oxygen and air escapes through another. If the 
action is so slow that the mixture in the flask may be considered uniform, 
what percentage of oxygen will the flask contain after 10 liters of gas 
have passed through? (Assume that air contains 21 per cent by volume 
of oxygen.) 

67. Certain Equations of the Second Order. — There 
are two forms of the second order differential equation that 
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occur in mechanical problems so frequently that they de- 
serve special attention. These are 






The peculiarity of these equations is that one of the vari- 
ables {y in the first, x in the second) does not appear directly 
in the equation. They are both reduced to equations of the 
first order by the substitution 

dy 
This substitution reduces the first equation to the form 

|=/(«,P). 

This is a first order equation whose solution has the form 

p = Fix, ci), 

dy 
or, smce p = -^t 

This is again an equation of the first order. Its solution is 
the result required. 

In case of an equation of the second type, write the second 
derivative in the form 

d^y _dp _dp dy _ dp 
dx^ dx dy dx dif 

The differential equation then becomes 
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Solve this for p and proceed as before. 
Example 1. (1 + a;^) ^ + i + /^Y = o. 

Substituting p for -^, we get 

This is a separable equation with solution 

Ci — X 



V 



1 + CiX 



whence 



dy = -r—. dx. 

1 + CiX 



The integral of this is 



y= _^ + ^il±lin(l+ci:r)+C2. 



By a change of constants this becomes 

y = ex + {1 + &) In {c — x) + c'. 

Substituting 





dy_ . 
dx 


= P, 


dhj 
dx" ' 


= V 


dp 
dy' 


we get 
















dp 
'"Ty 


+ p2 = 


1. 




The solution of this is 


5 












y2p2 = 


= t + 


Ci. 





Replacing phy -j- and solving again, we get 
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Ex. 3. Under the action of gravitation the acceleration of 

k 
a falling body is -5 , where A; is constant and r the distance : 

from the center of the earth. Find the time required for the 
body to fall to the earth from a distance equal to that of the 
moon. 

Let n be the radius of the earth (about 4000 miles), r^ the 
distance from the center of the earth to the moon (about 
240,000 miles) and g the acceleration of gravity at the surface 
of the earth (about 32 feet per second). At the surface of 
the earth r = n and 

k 
« = -.= -?• 

The negative sign is used because the acceleration is toward 
the origin (r = 0). Hence fc = — gn^ and the general value 
of the acceleration is 

_vdv _ gr^ 
dr r^ 

where v is the velocity. The solution of this equation is 

r 
When r = r2, v = 0. Consequently, 

C=-2/4 
and 



The time of falling is therefore 

t = / y X — T-r \ * = 116 hours. 

Jr, V 2 gn^ (ra - r) 

This result is obtained by using the numerical values of n 
and ra and reducing g to miles per hour. 
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68. Linear Differential Equations with Constant Coeffi- 
cients. — A differential equation of the form 

where ai, d, ... an are constants, is called a hnear differen- 
tial equation with constant coefficients. For practical applica- 
tions this is the most important type of differential equation. 
In discussing these equations we shall find it convenient 

to represent the operation -7- by D. Then 

Equation (68a) can be written 

(D" + aiZ)"-i + aj)"-' + • • • + an)y = / (x). (68b) 

This signifies that if the operation 

D" + aiD"-i + aiD"-^ + • • • + a„ (68c) 

is performed on y, the result will be / (a;). The operation 
consists in differentiating y, n tinies, n — 1 times, n — 2 
times, etc., multiplying the results by 1, ai, 02, etc., and 
adding). 

With the differential equation is associated an algebraic 
equation 

r" + Oir"-i + 02r"-2 -|- • • • + a„ = 0. 

If the roots of this auxiliary equation are n, r^, . . . r„, the 
polynomial (68c) can be factored in the form 

(D - n) (D-n) ■ ■ ■ {D- u). (68d) 

If we operate on y with D — a, we get 
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If we operate on this with D — 6, we get 

(Z) - 6) . (D - a) 2/ = (i) - b) (^ - ay^ 

The same result is obtained by operating on y with 
{D - a) {D - b) = D^ - (a + b) D + ah. 

Similarly, if we operate in succession with the factors of 
(68d), we get the same result that we should get by operating 
directly with the product (68c). 

69. Equation with Right Hand Member Zero. — To solve 
the equation 

(D" + aiD"-i + aj)"-'' + ■ • • + a„) j/ = (69a) 

factor the symbolic operator and so reduce the equation to 
the form 

(D - n) {D-Ti) • • • {D- Tn) y = 0. 

The value y = Cie'^^ is a solution; for 

(D — ri) cie'''^ = Cirie""'^ — riCje'''^ = 

and the equation can be written 

(D-rO • • • (D-r„) • (D-n) j/=(I>-r2) • • • (D-r„)-0=0. 

Similarly, y — c^e''^^, y = cse"""^, etc., are solutions. Finally 

y = cie'''^+ 026''*^ + • • • + CnfiV (69b) 

is a solution; for the result of operating on y is the sum of 
the results of operating on Cie'''^, d^'^, etc., each of which 
is zero. 

If the roots r-i, r^, . . . , r^ are all different, (69b) contains 
n constants and so is the complete solution of (69a). If, 
however, two roots n and n are equal 

Cie"^ + C2e''^ = (ci + C2) e'l^ 
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contains only one abitrary constant Ci + d and (69b) con- 
tains only n — 1 arbitrary constants. In this case, however, 
xe"'^ is also a solution; for 

(D — ri) xe''"^ = rixe''^'^ + e''^' — rjxe'''^ = e''^ 

and so 

{D — riY xe''^ = (i> - Ti) e"-" = 0. 

If then two roots n and ra are equal, the part of the solu- 
tion corresponding to these roots is 

(ci + C2a;)e'''^. 

More generally, if m roots ri, r2, . . . ?■„ are equal, the part 
of the solution corresponding to them is 

(ci + C2X +C3X^+ ■ ■ ■ + c,„a;'»-i)e'"'^ (69c) 

If the coefficients ai, aa, . . . an, are real, imaginary roots 
occur in pairs 

ri = a + j3 V— 1, r2 = a — /3 V— 1. 

The terms cie'"'^, cae''''^ are imaginary but they can be replaced 
by two other terms that are real. Using these .values of ri 
and rj, we have 

{D - n) (D - rs) = {D- ay + ^. 

By performing the differentiations it can easily be verified 
that 

[{D - a)- + /S^] • e«^ sin fix = 0, 

[(D - aY + fi^\ ■ e"^ cos fix = 0. 

Therefore 

e"' [ci sin |8a; + C2 cos /3a;] (69d) 

is a solution. This function, in which a and fi are real, can, 
therefore, be used as the part of th e solu tion corresponding 
to two imaginary roots r = a ± fi V— 1. 
To solve the differential equation 

{D" + aiZ)"-i + a2D"-2 + ■ ■ ■ + a„) t/ = 0, 
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let n, r2, . . . , r„ be the roots of the auxiliary equation 
r" + air"-i + OiT"-^ + • • • + a„ = 0. 

// these roots are all real and different, the solution of the 
equation is 

y = Cie'i^ + C2e'^ + • • • + c„e''''^. 

If m of the roots ri, rj, . . . , r™ are equal, the corresponding 
part of the solution is 

(Ci +C2X + CiX^ + • • • + CmX""-!) e''!^. 

The part of the solution corresponding to two imaginary roots 
r = a dzfi V— 1 is 

e"" [ci sin I3x + c^ cos /Sx]. 

ExampUl. g-|-2, = 0. 
This is equivalent to 

(D= - D - 2) ?/ = 0. 
The roots of the auxiUary equation 

7^ -r - 2 = 
are — 1 and 2. Hence the solution is 
y = CiC""' + c^e^'. 

The roots of the auxiliary equation 

r^ + r^-5r + 3 = 

are 1, 1, — 3. The part of the solution corresponding to the 
two roots equal to 1 is 

(ci + dx) e^. 
Hence 

2/ = (ci + Cix) e" + Cae-^". 
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Ex.S. (D2 + 2D+2)2/ = 0. 

The roots of the auxiliary equation are 

- 1± V^. 

Therefore a = - 1, /3 = 1 in (69d) and 

y = e~^ [ci sin a; + C2 cos x]. 

70. Equation with Right Hand Member a Function of x. — 

Let y = uhe the general solution of the equation 

(D» + aiD"-! + asD"-^ + • • • +a„) 2/ = 

and let y = V be anj/ solution of the equation 

(D" + aiD"-i + c^D-^ + • • • a„) 2/ = / (x). (70) 

Then 

y = u + V 

is a solution of (70) ; for the operation 

D" + aiD»-i + ajjD"-^ + • • ■ + a„ 

when performed on m gives zero and when performed on v 
gives / (a;). Furthermore, u + v contains n arbitrary con- 
stants. Hence it is the general solution of (70). 

The part u is called the complementary function, v the 
particular integral. To solve an equation of the form (70), 
first solve the equation with right hand member zero and 
then add to the result any solution of (70). 

A particular integral can often be found by inspection. 
If not, the general form of the integral can usually be deter- 
niined by the following rules: 

1. If / (x) = ax" + aia;''"^ + • • ■ + a™, assume 

y = Ax" + Aix"-i + • • • + An. 

But, if occurs m times as a root in the auxiKary equation, 
assume 

J/ = x™ [Ax" + Aix"-i + • • • + Ant]. 

2. If / (x) = ce"", assume 

y = Ae°^. 
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But, if a occurs m times as a root of the auxiliary equation, 
assume 

y = Ax'"^^- 

3. If f (x) = a cos /3a; + 6 sin fix, assume 

y = Acosfix + B sin fix. 

But, if cos fix and sin fix occur in the complementary function, 

assume 

y = x{A cos fix -\- B sin fix]. 

4. If / (x) = ae'" cos fix + be*" sin j3x, assume 

2/ = Ac"" cos j8x + fie^^ sin /3a;. 

But, if ef^ cos /3a; and e"^ sin fix occur in the complementary 
function, assume 

y = xe"" [A cos fix + B sin fix]. 

If / (x) contains terms of different types, take for y the 

sum of the corresponding expressions. Substitute the value 

of y in the differential equation and determine the constants 

so that the equation is satisfied. 

(Pv 
Example 1. -p^ + iy = 2x + 3. 

A particular solution is evidently 

2/ = i(2a; + 3). 

Hence the complete solution is 

^/ = Ci cos 2 a; + C2 sin 2 a; + i (2 a; + 3). 

Ex.2. (D^ + 3D+2)y = 2 + e^- 

Substituting y = A -\- Be'', we get 

2A +6fie'^ = 2+e^ 
Hence 

2^ = 2, 6B=1 

and 

y = I +^6" + Cie-^ + de-^"- 

Ex.3. 3 + fl = x^. 
aar dx^ 
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The roots of the auxiliary equation are 0, 0, — 1. Since 
is twice a root, we assume 

2/ = a;2 {Ax^ + Bx + C) = Ax* + Bx^ + CxK 
Substituting this value, 

12Ax'' + i24:A+6B)x + 6B + 2C = x\ 
Consequently, 

124 = 1, 244+65 = 0, 65 + 20 = 0, 
whence ■» 

A=^, B=-l C = l. 

The solution is 

y = jTsx* — ^x^ +x^ + ci +C2X + cze-". 

71. Simultaneous Equations. — We consider only linear 
equations with constant coefficients containing one independ- 
ent variable and as many dependent variables as equations. 
All but one of the dependent variables can be eliminated by 
a process analogous to that used in solving linear algebraic 
equations. The one remaining dependent variable is the 
solution of a linear equation. Its value can be found and 
the other functions can then be determined by substituting 
this value in the previous equations. 

Example. -^ + 2x — 3y = t, 

f-3x+2, = e- 

Using D f or -j , these equations can be written 

iD+2)x-3y = t, 
{D+2)y -3x = e^'. 

To ehminate y, multiply the first equation by Z) + 2 and the 
second by 3. The result is 

(D+2yx-3{D+2)y= l+2t, 

3{D + 2)y-9x = 3e^'. 



154 DippEBBNTiAi, Equations Chap. 10 

Adding, we get 

[{D + 2y-9]x = 1+2/ + 3 6"'. 
The solution of this equation is 

x= -it- M+ f e2«+ ae' + cae-s'. 
Substituting this vakie in the first equation, we find 
y = i{D + 2)x-^t= -it-h% + ^e''+ cie' - c^e"". 

EXERCISES 
Solve the following equations: 

2. (. + l)3_(. + 2)g + x + 2 = 0. 



3. 


55 = «'^- 


4. 


3=-^- 


e. 


dh k 
dp ~ s"' 


«. 


s+"'e)'="- 


7. 


'3=\/'+(iy- 


8. 




d. 


S-*l-»- 


10. 


S-'l-'"-"- 


11. 


S-«l+»»-»- 


12. 


s+»=»- 


13. 


W^~^W^~'^dx-^' 


14. 


g- 


16. 


3-^S+'<'-»' 



16. 


dx^ + dx + y-^- 


17. 


d*y od'y J. .,„_(, 


18. 


S-^S+^I-^ 


19. 


3 + ^- + 3. 


20. 


S-^-^- 


21. 


d^ ,dy 

d^^+di-^y-"^- 


22. 


dy 


23. 


<^'v r,dy_^^ o 



2*- 3+6S+52/-+«"- 

25. g-a»2/ = e-. 

27. f^ -2/ = X' - a;2. 
d^ 

28. f|-4^ + 32/ = e'!^sina;, 
dx' ax " 
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y = cos 2 X. 

+^fx+y = ''+^- 



29. 


g-9y = e3xcosx. 


3^-g + ^ 


30. 


Sh-S = cos4.. 


32- S+^ 


33. 


t+^-'. 


dt-y = ^- 


34. 


g = .-2, + l, 


S— -^2- 


35. 


4M + 3-sin, 


^ + y = cos «. 


36. 






37. 


Solve the equation 






dx'^^ 


'dyV ^ J 
Vdx/ 



and determine the constants so that 2/ = and -^ = 1 when s = 0. 

38. Solve -r^ = 3 Vy under the hypothesis that y = 1 and -^ = 2 

when X = 0. 

39. When a body sinks slowly in a liquid, its acceleration and 
velocity approximately satisfy the equation 

a = g — kv, 

g and fc being constants. Find the distance passed over as a function 
of the time if the body starts from rest. 

40. The acceleration and velocity of a body falling in the air approxi- 
mately satisfy the equation a = g — W, g and fc being constants. 
Find the distance traversed as a function of the time if the body falls 
from rest. 

41. A weight supported by a spiral spring is lifted a distance 6 and 
let fall. Its acceleration is given by the equation a — — k^s, k being 
constant and s the displacement from the position of equilibrium. 
Find s in terms of the time t. 

42. Find the velocity with which a meteor strikes the earth, assum- 
ing that it starts from rest at an indefinitely great distance and moves 
toward the earth with an acceleration inversely proportional to the 
square of its distance from the center. 

43. A body falling in a hole through the center of the earth would 
have an acceleration toward the center proportional to its distance from 
the center. If the body starts from rest at the surface, find the time 
required to fall through. 
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44, A chain 5 feet long starts with one foot of its length hanging 
over the edge of a smooth table. The acceleration of the chain will be 
proportional to the amount over the edge. Find the time required to 
sHde off. 

46. A chain hangs over a smooth peg, 8 feet of its length being on 
one side and 10 on the other. Its acceleration will be proportional to 
the difference in length of the two sides. Find the time required to 
sUde off. 



SUPPLEMENTARY EXERCISES 

CHAPTER II 

^ r xdx r cos X dx 

' J a + bx^ ■ J cos a; + sin i' 

2. C{a + bxydx. 19. f "^^ 

'' -^ vtan2a; + 2 

'■SUTx^- 20./ ^^ 



dx. 



4. fs V2 -3a;Ma;. /-Vx^ - 1 

•' 21. I 

5 r (a + a) (ix -^ ^ 

J Vx2 + 2ax + 6 22. j 

6. /v/iHi |. ,3. / 



sm-' X — cos^ X 
cot X dx 



x^ ' J Vl + sitf X 

7. f (x - 1) (x^ - 2 x)« dx. 24 f '^^ 

•^ -^ (2x- 1) V4x=-4x 

^- /ii^- 25. fxe-^'dx. 

9. f^dx. 26. r_£!!^. 
J cos2 fflx J 6 + ce"^ 

/COS 2 X z' 

^ ^-75- dx. 27. seo=xe*a°''dx. 
1 — sin 2 X J t 



10. 



j_ pec^xtanxdx , ^^ Ca'^dx. 

J a + sec'' X J 



12. 



fJ!^. 29. f 

.,/ sec X ^ ' 



^ + 1 
cot xdx or, r dx 



^„ /• cot xdx „„ r dx 

■ J 1 — sin X * ■ J e^ — ( 

14. C?^^^-^ dx. 31. ftanxlncosxdx. 

./ cos ax J 

^ r dx 00 r dx 

^- J cosx-sinx' • Ja2x2 + 2a6x+62 

16 f— ^^— '. 33. f ^ ^'^^ 

J sec X - tan x *^ Vx^ - 2 x + 3 

r dx 34 /■ (2x + 3)dx 

J sin^ ox cos^ ax -^ (x — 1) v^ 



2x 
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f ^-—. 56. fx> Va2 - x^ dx. 



35. , , 

a; V 2 j; + 3 



44 

dx 



45 



^Az 



QR r ^^ 57. f- 

37. J(a2-x2)«tfa. 58- j (^ -ly 

40. j'(a?-x«)*dx. 61. Jc^ + ta'^dx. 

41. rcos^xsin^xdx. 62. f e<^sin6xdx. 

(1 +cosx)*dx. 63. J ^ dx. 

43. rtan2xsec6 2xdx. 64. J x In (ex + 6) dx. 

//"In (ix + 6) , 

cot*xdx. 65. J ^; dec 



/• dx gg fj-got-ia-^j., 

J tan X + cot X -/ 

(secx + tanx)^dx. 67. J ^^-^IjpT^ + IJ- 

/-tanx — 1 , f x'dx 

^^- J tanx + 1 '*''• ^^- J (x3 + 1) (x» - 2) " 

rcos'xdx „„ r xdx 

48. I — ^T — • 69. I . I ■ • 
J sm' X J X* + 1 

49. (sin 2 X cos' X dx. 70. \ -, -rri dx. 

J J {x — If 

50. r Vl + cos' X sin 2 X dx. ^\, fx^ cos J xdx. 

51 r ^'^ . 7p f 2x' + 3x 

■ ^ X Va'x + 6' ' J(x-l)(x-2)(x+3) 

Ko r__^2_ 75 f (3x-5)dx 

J X' Vi':r2 '"*■ J X (X + 3)' 

dx 7J /"_x_^_ 



53. r, ^£^. 74. /^ 

•^ (x-1) vT+l ^ X , 

_, f dx 

54. J X (ax + 6)* dx. ^^- J (i _ j;!)*' 

55 r^^ + ^ ^r. 76. f-^1^. 

-^ V^^T6 J(l_2x')« 



Supplement AET Exercises 159 

77. fsec*aitan*xdx. 84. f ^ ' ~ ^ ^ + -g_ d-r. 
J ' J Va;2 - 4 X + 3 

78. I sin 3 X cos 4 s ds. „■ /*> / a — x g^ 

J \ a -\- X 

79. fsiD?xoos2xdx. 8e_ J (sin x - cos z)^ dx. 

80. (sin X sin 6 X dx. 87 f ^'^^ 

•^ ■ J (x^ — 0^)2 

81. rcos2xcos3xdx. gg /- log (x + Vx' - l) ^^ 

82. J(cotx + cscx)^dx. 89^ Jsec'xdx. 
o„ r (3 X — 1) dx /• . 
''• J v2 + 3x-x^ ' 90- /(-^+-^)''i-- 



CHAPTER IV 

91. Find the area bounded by the x-axis and the parabola y — x^ 
-4x + 5. 

92. Find the area bounded by the curves y = x', j/^ = x. 

93. Find the area bounded by the parabola j/' = 2 x and the witch 
_ 1 

''~ y' + l 

94. Find the area within a loop of the curve y^ = x' — x*. 

95. Find the area of one of the sectors bounded by the hyperbola 
3? — y' = 3 and the lines x = ±2y. 

96. Find the area bounded by the parabolas ^' = 2 ax + a?, y' + 
2 ax = 0. 

97. Find the area within the loop of the curve x = z — ; ;, y = 



l+m' 

98. Find the area bounded by the parabola x = o cos 2<f>, y = 
o sin (#> and the line x = — a. 

99. Find the area inclosed by the curve x = a cos' <j>, y = b sin^ 0. 

100. Find the area bounded by the curve x = o sin 6, y = a cos' S. 

101. Find the area of one loop of the curve r = a cos nB. 

102. Find the area of" a loop of the curve r = o (1 — 2 cos 8). 

103. Find the area between the curves r = a (cos 9 + 2), r = a. 

104. Find the total area inclosed by the curve r = o sin | 9. 

105. Find the area of the part of one loop of the curve r^ = a? sin 3 d 
outside the curve r^ = a sin 9. 
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106. By changing to polar coordinates find the area within on& loop 
of the curve {3? + ■iff = a?xy. 

107. By changing to polar coordinates find the area of one of the 
regions between the circle a;^ + 2/' = 2 a^ and hyperbola 3? — y' = a'. 

108. Find the area of one of the regions bounded by = sin r and the 
line 9 = 1. 

109. Find the volume generated by revolving an ellipse about the 
tangKit at one of its vertices. 

110. Find the volume generated by revolving about the 2/-axis the 
area bounded by the curve y^ = 3? and the line x — i. 

111. Find the volume generated by rotating about the y-axis the area 
between the x-axis and one arch of the cycloid x = a (<l> — sin 0), 
y = a(l — cos^). 

112. Find the volume generated by rotating the area of the preced- 
ing problem about the tangent at the highest point of the cycloid. 

113. Find the volume generated by revolving about the a>axis the 
part of the ellipse x' — xy + y^ = 1 ia the first quadrant. 

114. Find the volume generated by revolving about 8=5 the area 

enclosed by the curve r" = a^ sin B. 

115. The ends of an ellipse move along the parabolas z^ = ax, 
y" = ax and its plane is perpendicular to the x-axis. Find the volume 
swept out between x = and x = c. 

116. The ends of a helical spring lie in parallel planes at distance h 
apart and the area of a cross section of the spring perpendicular to its 
axis is A. Find the volume of the spring. 

117. The axes of two right circular cylinders of equal radius intersect 
at an angle a. Find the common volume. 

118. A rectangle moves from a fixed point, one side varying as the 
distance from the point, and the other as the square of this distance. 
At the distance of 10 feet the rectangle becomes a square of side 4 ft. 
What is the volume then generated? 

119. A cylindrical bucket filled with oil is tipped until half the bot- 
tom is exposed; if the radius is 4 inches and the altitude 12 inches find 
the amount of oil poured out. 

120. Two equal ellipses with semi-axes 5 and 6 inches have the same 
major axis and lie in perpendicular planes. A square moves with its 
center in the common axis and its diagonals chords of the ellipses. 
Find the volume generated. 

121. Find the volume bounded by the paraboloid 12 z = 3 3^ -{■ ]/' 
and the plane z = i. 
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CHAPTER V 

122. Find the length of the arc of the curve 

2/ = i X Va;2 — 1 — J In (x + Vx' — l) between x = 1 and x = 3. 

123. Find the arc of the curve 9 j/' = (2 x - 1)' cut off by the line 
x = 5. 

124. Find the perimeter of the loop of the curve . 

9x2 = (2 2/ -I) (2/ -2)2. 

125. Find the length of the curve x = P + t, y == P — t below the 
X-axis. 

126. Find the length of an arch of the curve 

X = aV3 (2 (^ - sin 2 0), i/ = ^ (1 - cos3 0). 

o 

127. Find the length of one quadrant of the curve 

X = o cos^ <t>, y = h sin' 0. 

128. Find the circumference of the circle 

r = 2 sin e + 3 cos 9. 

129. Find the perimeter of one loop of the curve 



r = a sm* 



(!)• 



130. Find the area of the surface generated by revolving the arc of 
the curve 9 2/^ = (2 x — 1)' between x = and x = 2 about the 2/-axis. 

131. Find the area of the surface generated by revolving one arch of 
the cycloid x = a {<t> — sin <#>), y = o (1 — cos <t>) about the tangent at 
its highest point. 

132. Find the area of the surface generated by rotating the c;u:ve 
r^ = a^ sin 2 9 about the x-axis. 

133. Find the area generated by revolving the loop of the curve 
9x^ = (2y — I) (y — 2y about the x-axis. 

134. Find the volume generated by revolving the area within the 
curve y^ = x* (1 — x^) about the 2/-axis. 

135. The vertical angle of a cone is 90°, its vertex is on a sphere of 
radius a, and its axis is tangent to the sphere. Find the area of the cone 
within the sphere. 

136. A cylinder with radius 6 intersects and is tangent to a sphere of 
radius a, greater than 6. Find the area of the surface of the cylinder 
within the sphere. 

137. A plane passes through the center of the base of a right circular 
cone and is parallel to an element of the cone. Find the areas of the 
two parts into which it cuts the lateral surface. 
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CHAPTER VI 



138. Find the pressure on a square of side 4 feet if one diagonal is 
vertical and has its upper end in the surface. 

139. Find the pressure on a segment of a parabola of base 2 6 and 
altitude h, if the vertex is at the surface and the axis of the parabola is 
vertical. 

140. Find the pressure on the parabolic segment of the preceding 
problem if the vertex is submerged and the base of the segment is in the 
surface. 

141. Find the pressure on the ends of a cylindrical tank 4 feet in 
diameter, if the axis is horizontal and the tank is filled with water under 
a pressure of 10 lbs. per square inch at the top of the tank. 

142. A barrel 3 ft. in diameter is filled with equal parts of water and 
oil. If the axis is horizontal and the weight of oil half that of water, 
find the pressure on one end. 

143. Find the moment of the pressure in Ex. 138 about the other 
.diagonal of the square. 

144. Weights of 1, 2, and 3 pounds are placed at the points (0, 0), 
(2, 1), (4, — 3). Find their center of gravity. 

145. A trapezoid is formed by connecting one vertex of a rectangle 
to the middle point of the opposite side. Find its center of gravity. 

146. Find the center of gravity of a sector of a circle with radius a 
and central angle 2 a. 

147. Find the center of gravity of the area within a loop of the curve 

y2 = X' — X*. 

148. Find the center of gravity of the area bounded by the curve 
2/2 = -x ; and its asymptote x = 2a. 

^ Qi — X 

149. Find the center of gravity of the area within one loop of the 
curve r^ = a? sin 6. 

150. Find the center of gravity of the area of the curve x = a sin' (j>, 
y = b sin' above the x-axis. 

151. Find, the center of gravity of the arc of the curve 9y^ = 
(2 X — 1)' cut off by the line x = 5. 

152. Find the center of gravity of the arc that forms the loop of the 

curve 

92/2 = (2x - 1) (x -2)2. 

153. Find the center of gravity of the arc of the curve x = P + t, 
y = P — t below the x-axis. 

154. Show that the center of gravity of a pyramid of constant 
density is on the line joining the vertex to the center of gravity of the 
base, f of the way from the vertex to the base. 
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155. Find the center of gravity of the surface of a right circular cone. 

156. Show that the distance from the base to the center of gravity 
of the surface of an oblique cone is | of the altitude. Is it on the line 
joining the vertex to the center of the base? 

157. Find the center of gravity of the solid generated by rotating 
about the Une x — i, the area above the x-axis bounded by the parab- 
ola j/2 = 4 s and the Une 2 = 4. 

158. The arc of the curve x^ + y^ = o' above the a>axis is rotated 
about the y-aids. Find the center of gravity of the volume and that 
of the area generated. 

159. Assuming that the specific gravity of sea water at depth h in 
miles is 



,.0076 



i 



find the center of gravity of a section of the water with vertical sides 
five miles deep. 

160. By using Pappus's theorems, find the center of gravity of the 
arc of a semicircle. 

161. The ellipse 

a^ "^ 62 

is rotated about a tangent inclined 45° to its axis. Find the volume 
generated. 

162. The volume of the ellipsoid 

E! 4. ^^ 4. i' = 1 

02 "t- 62 f c2 

is ^irabc. Use this to find the center of gravity of a quadrant of the 
elhpse ^ + 1^ = 1. 

163. Find the volume generated by revolving one loop of the curve 
r = a sin S about the initial line. 

164. A semicircle of radius a rotates about its bounding diameter 
while the diameter slides along the Hne in which it lies. Find the 
volume generated in one revolution. 

165. The plane of a moving square is perpendicular to that of a fixed 
circle. One comer of the square is kept fixed at a point of the circle 
while the opposite comer moves around the circle. Find the volume 
geherated. 

166. Find the moment of inertia about the a>axis of the area bounded 
by the x-axis and the curve y = 4^ — x'. 

167. Show that the moment of inertia of a' plane area about an axis 
perpendicular to its plane at the origin is equal to the sum of its moments 
of inertia about the coordinate axes. Use this to find the moment of 



164 Supplementary Exercises 

inertia of the ellipse -5 + ij = 1 about the axis perpendicular to its 

plane at its center. 

168. Find the moment o£ inertia of the surface of a right circular cone 
about its axis. 

169. The area bounded by the x-axis and the parabola y^ = ^.ax — 7? 
is revolved about the i-axis. Find the moment of inertia about the 
i-axis of the volume thus generated. 

170. From a right circular cylinder a right cone with the same base 
and altitude is cut. Find the moment of inertia of the remaining 
volume about the axis of the cyUnder. 

171. A torus is generated by rotating a circle of radius a about an 
axis in its plane at distance 6, greater than a, from the center. Find 
the momeat of inertia of the volume of the torus about its axis. 

172. Find the moment of inertia of the area of the torus about its axis. 

173. The kinetic energy of a moving mass is 



/i 



y^ dm, 



where v is the velocity of the element of mass dm. Show that the 
kinetic energy of a homogeneous cylinder of mass M and radius a 
rotating with angular velocity w about its axis is i MciW. 

174. Show that the kinetic energy of a uniform sphere of mass M and 
radius o rotating with angular velocity w about a diameter is \ M<i?a?. 

175. When a gas expands without receiving or giving out heat, its 
pressure and volume are connected by the equation 

■pin — k 
where .7 and k are constant. Find the work done in expanding from 
the volume wi to the volume vi . 

176. The work done by an electric current of i amperes and E volts 
is iE joules per second. If 

E = Eo cos ait, i = lo cos (at 4- a), 
where Eo, In, a are constants, find the work done in one cycle. 

177. When water is pimiped from one vessel into another at a higher 
level, show that the work in foot pounds required is equal to the product 
of the total weight of water in pounds and the distance in feet its center 
of gravity is raised. 

CHAPTER VII 

178. Find the volimie of an ellipsoid by using the prismoidal formula. 

179. A wedge is cut from a right circular cylinder by a plane which 
passes through the center of the base and makes with the base an angle a. 
Find the volume of the wedge by the prismoidal formula. 
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180. Find approximately the volume of a barrel 30 inches long if its 
diameter at the ends is 20 inches and at the middle 24 inches. 

181. The width of an irregular piece of land was measured at inter- 
vals of 10 yards, the measurements being 52, 56, 67, 49, 45, 53, and 62 
yards. Find its area approximately by using Simpson's rule. 

Find the values of the following integrals approximately by Simpson's 
rule: 

, 182. f Vx? + 1 dx. 184. 

-'0 
-10 1^ 

x" '""■ J_jl +a;* 



183. r -,\nxdx. 




186. Find approximately the length of an arch of the curve y = sin x. 

187. Find approximately the area bounded by the i-axis, the curve 

y = '- , and the ordinates a; = 0, a; = ir. 



CHAPTER VIII 

Express the following quantities as double integrals and determine 
the limits: 

188. Area bounded by the parabola y^x' — 2x-\-Z and the line 
y = 2x. 

189. Area bounded by the circle x' + j/' = 2 o^ and the curve 



^ 2a-x 

190. Moment of inertia about the x-axis of the area within the circles 

2;2 + 2/2 = 5, a;2 + j/2 _ 2 1 - 4 2/ = 0. 

191. Moment of inertia of the area within the loop of the curve 
2^2 = j;2 _ 3^ about the axis perpendicular to its plane at the origin. 

192. Volume bounded by the a;!/-plane the paraboloid z = x^ + y'^ 
and the cylinder 3^+1/' = 4. 

193. Volume bounded by the x2/-plane the paraboloid z = x^ + j/^ 
and the plane z = 2x -\- 2y. 

194. Center of gravity of the soKd bounded by the xz-plane, the 
cylinder x^ + z^ = a', and the plane x + y+z = 4:a. 

195. Volume generated by rotating about the x-axis one of the areas 
bounded by the circle x'' + y' = 5 a'^ and the parabola y^ = i ax. 

In each of the following cases determine the region over which the 
integral is taken, interchange dx and dy, determine the new limits, and 
so find the value of the integral: 
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im. cr^MM=. 198. rcy-e-'dyd.. 

I , {x+y)dydx. 199. | I -Vx^ + xydydx. 

•/(J— V flS — p2 Jq Jq 

Express the following quantities as double integrals using polar 
coordinates: 

200. Area within the cardioid r = a (1 + cos 9) and outside the 
circle r = \a. 

201. Center of gravity of the area within the circle r = a and 
outside the circle r = 2 a sin 9. 

202. Moment of inertia of the area cut from the parabola 

2a 

T = 

1 — COS 9 
by the line 2/ = x, about the s-axis. 

203. Volmne within the cyUnder r = 2 a sin 9 and the sphere 

a^ + ^2 + z2 = 4 o'. 

204. Moment of inertia of a sphere about a tangent line. 

205. Volmne bounded by the paraboloid 2 = 1^+2/' and the plane 
z = 2x + 22/. 

206. Find the area cut from the cone a;^ + 2/^ = ^ by the plane 
s = 2z-3. 

207. Find the area cut from the plane by the cone in Ex. 206. 

208. Find the area of the surface z' + (x + yf = a? in the first 
octant. 

209. Determine the area of the surface z^ = 2x cut out by the planes 
y = 0, y = X, X = 1. 

CHAPTER IX 

Express the following quantities as triple integrals: 

210. Volume of an octant of a sphere of radius a. 

211. Moment of inertia of the volume in the first octant bounded by 

the plane - + f + - = 1 about the x-axis. 
a c 

212. Center of gravity of the region in the first octant bounded by 
the paraboloid z = xy and the cyhnder x' + y^ = a'. 

213. Moment of inertia about the z-axis of the volume bounded by 
the paraboloid z = x^ + y'' and the plane z = 2 x + 3. 

214. Volume bounded by the cone x' = j/^ + 2 z^ and the plane 
3 X + 2/ = 6. 

Express the following quantities as triple integrals in rectangular, 
cylindrical, and spherical coordinates, and evaluate one of the integrals: 
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215. Moment of inertia of a right circular cylinder about a line 
tangent to its base. 

216. Moment of inertia of a segment cut from a sphere by a plane, 
about a diameter parallel to that plane. 

217. Center of gravity of a right circular cone whose density varies 
as the distance from the center of the base. 

218. Volume bounded by the xy-plaae, the cylinder x' + y' = 2ax 
and the cone 2^ = x^ + y^. 

219. Find the attraction of a uniform wire of length I and mass M 
on a particle of unit mass at distance c from the wire in the perpen- 
dicular at one end. 

220. Find the attraction of a right circular cylinder on a particle at 
the middle of its base. 

221. Show that the attraction of a homogeneous shell bounded by 
two concentric spherical surfaces on a particle in the enclosed space 
is zero. 

CHAPTER X 

Solve the following differential equations: 

222. ydx + (x-xy)dy =0. 

223. sin x sin ydx + cos x cos ydy = 0. 

224. (2x1/ - y' + Qx^) dx + {Sy' + x^ -2xy)dy = 0. 

226. x'^ + y=x% 
226. X ^ + 2/ = cot X. 



-\y + e^J dx = 0. 



227. xdy 

228. (1 + x2) dy-]-{xy + x) dx = 0. 

229. xdx + ydy = x dy — y dx. 

230. (sin X + y)dy + {y cos x — x^) dx = 0. 

231. 2/ (e^ + 2) dx + (e^ + 2x)dy = 0. 

232. ixy^ -x)dx + iy + xy) dy = 0. 

233. (l-(-x2)^-|-X2/ = 2 2/. 

234. xdy -ydx = Vx' + y^ dx. 

235. (x -y)dx + xdy = 0. 

236. xdy - ydx = x Vx^ + y'dx. 

237. e^^ dy + {l+ e") dx = 0. 

238. (2x + 32/ - l)(ix + (4x + 62/-5)(i^ = 0. 

239. (3 j/2 + 3 X2/ + x^) dx = (x^ + 2 xy) dy. 

240. (1 + x^) dy + (xy- x^) dx = 0. 
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241. {3?y + 2/*) dx - (x^ + 2 xy^) dy = 0. 

242- (2/ + l)(SJ = ^-=»^- 

243. 2^ + y + xy> = 0. 

244. ydx = {y' — x) dy. 

245. y ^ + y^cotx = cob x. 

dx 

246. (i2 - j/2) (ds + d!/) = (a* + V') (dy - dx). 

247. :.»f| + ^ = l. 

di* ds 



-•S-'vMl)*- 

253 *2^_^ = e2» 
da;^ da; 

254- S +4 g + 4. = COS.. 

2157 ^4.2^-^-2« = fi*+3 
^^^- dx>^^ dx' dx ^V-^^^- 

258. -j^ + a'y = sin ax. 

2«0-3-|-2/ = ^-"2x. 
261. j^ + 9y = 2cos3x -3cos2x. 
262-S + 6| + 5, = (e^ + l^ 



Supplementary Exercises 169 

263. g-2/=.«-. 

26^-S + 2| + 2l/ = -os.. 

265. ^ + 2x = sini, ^-2y = coat. 
at ' di 

267. According to Newton's Law, the rate at which a substance cools 
in air is proportional to the difference of the temperature of the sub- 
stance and the temperature of air. If the temperature of air is 20° C. 
and the substance cools from 100° to 60° in 20 minutes, when will its 
temperature become 30°? 

268. A particle moves in a straight line from a distance a towards a 
point with an acceleration which at distance r from the point is k r—S. 
If the particle starts from rest, how long will be the time before it 
reaches the point? 

269. A substance is undergoing transformation into another at a 
rate proportional to the amount of the substance remaining untrans- 
formed. If that amount is 34.2 when t = I hour and 11.6 when t = 3 
hours, determine the amount at the start, t = 0, and find how many 
hours will elapse before only one per cent will remain. 

270. Determine the shape of a reflector so that all the rays of light 
coming from a fixed point will be reflected in the same direction. 

271. Find the curve in which a chain hangs when its ends are sup- 
ported at two points and it is allowed to hang under its own weight. 
(See the example solved in Art. 57.) 

272. By Hooke's Law the amount an elastic string of natural length 
I stretches under a force F is klF, k being constant. If the string is held 
vertical and allowed to elongate under its own weight w, show that the 
elongation is J kwl. 

273. Assuming that the resistance of the air produces a negative 
acceleration equal to k times the square of the velocity, show that a 
projectile fired upward with a velocity Wi will return to its starting point 
with the velocity 



v/ 



gvi' 



g + koi- 



\ g being the acceleration of gravity. 

274. Assuming that the density of sea water under a pressure of p 
pounds per square inch is 

p = 1 + 0.000003 p, 
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show that the surface of an ocean 5 miles deep is about 465 feet lower 
than it would be if water were incompressible. (A cubic foot of sea 
water weighs about 64 pounds.) 

275. Show that when a liquid rotating with constant velocity is in 
equihbrium, its surface is a paraboloid of revolution. 

276. Find the path described by a particle moving in a plane, if its 
acceleration is directed toward a fixed point and is proportional to the 
distance from the poiat. 
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12x-22y + 3l =0. 
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O 6 
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24. 4x* + 2ln (x* - l) + In (x* + l) - 2tan-ix* + C. 

25. J(x + l)* + i(^-l)* + C. 



Page 34 

1. ^ cos 2 X + I sin 2 X + C. 3. i sin"' i + Vl - x^ + C. 

2. |lnx-| + C. 4. ^^tan-ix-ix + C. 
5. xln (x + Vo2 + x2) _ Va? + x^ + C. 
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6. 2 Vi - 1 In a; - 4 Vx - 1 + 4 tan"' Vs - 1 + C. 

7. In a; In (In a;) — In a; + C. 

8. 5 a? sec-i a; - | Va^ - 1 _ 1 in (x + V^'^T) + C. 
4 o o 

9. X - (1 + 6-*) In (1 +6"^) + C. 

10. (x2 - 2 X + 2) e* + C. 

11. - (x» + 3 a? + 6 X + 6) 6^ + C. 

,-x-l._ 2x2-4x + l _ ,^ 

12. — X— sin 2 X ; ■ — cos 2 X + C. 

2 4 • 

13. I -v/^^T^^ _ ^in (i + \/^^r^2) + C. 

14. I Va2+x2 + 1 In (x + Vtf+^2) + C. 

15. ^ (2sin3x -3cos3x) +C. 

16. — (cos X + sin x) + C. 

17. -^(sin2x + 2cos2x) +C. 



18. ^ (sec 9 tan 9 + In (sec 9 + tan 9) ] + C. 

19. i cos X — tV cos 5 X + C 



1. I. 

2. 2.829. 



1. 1 - 4 Vs. 



2. 


3' 


3. 


-20. 


4. 


2. 


5. 


i. 


6. 


1.807. 


7. 


0.2877, 


8. 


0. 


9. 


la. 


10. 


2. 


11. 


00. 



Page 38 




3. 


- 0.630. 


Pages 46, 46 




12. 


7r 
2' 


13. 


1 
2J;2 


14. 


0.5493. 


15. 


5+1. 
4 + 2 


16. 


1.786. 


17. 


0.4055. 


18. 


0.2877. 


19. 


f (l-ln2) 
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Pages 49, 60 

1. 11. 13. 2T + i,6ir-i. 

2. I V3 (4 - v^). 14. 4V3+Jijix. 

3; 1^3 4-6. 15.5(i-tan-4)4-| 

5. 9.248. 17. Swa'. 

6. Trah. 18. Itto*. 

7. |o2. 19. ff(62 + 2a6). 

8. 5i 20. ttVs. 

9. A. 21. Sjrtf. 

11. Va'- 22. jTroft. 

12. f. 

Page 62 
2. ?a^ 9- 2a'ii+iV2). 



4 

3. fa^Vs. 

4. J (e*- - I). 
a? 



10. leTr'a". 

„. „.(|+lV3). 



13. ^(^-1). 



5. :|. - 4 

M"\ 14. (10. + 9V3)|. 

7. f TO?. "^ 

8. |o2. 15. va?. 

Pages 66, 66 
3. H'T. 5. f (e= + 4-i). 

7. f )ra'(l — cos^a), where a is the radius of the sphere and 2 a 
the vertical angle of the cone. 

8. -^iro'. 

9. n^aK 

10. ^TTO'. 

11. Sji^a'. 

12. *7ra». 



2. fa' tan a. 

3. I a'. 

4. fTTob^. 

5. iiro^fe. 

6. Ah. "^"^ 3 V2 ' 



13. 


|,ra'. 


14. 
15. 


SttVs. 


16. 


l'^=- 


Page 59 

8. 
9. 


ta%. 


10. 


'4 
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Page 63 

^ Cm -v/iTi _ 1^ 6. 6o. 

,..(-1). 



2. ^(lOVlO-1). 

3. ln(2 + V3) 

4. f + |ln2. 8. 8a. 

5. 2.003. 9. 27r2a. 

Page 64 

3. y^-±2 (e _ 1). 5. 2 a [ V2 + In (l + VI)]. 



4. 


4a 


C. J^a. 

7. 8 a. 

8. lira. 




9,-r-hlh4- °^ 


Pages 66, 67 


3. 


sin~' • 

a 1 




r^ Va^-h^ 


4. 


V^ra^. 


7. ^/rf. 


5. 


?(-l+')- 


8. iwa'V2(i-T). 

9. 8ir[V2 + ln(l + ^^2)] 


6. 


-V'^ro^. 


10. iiraK 
Page 69 


1. 


|tW. 


6. f7ra«(l -cos a). 


2. 


2a2. 


7. 2a;i(7r-2). 


3. 

4. 
5. 


16 a2. 

i7ra2(a + 26V3). 

^7roK2 V2- l). 


8. i7roV/i2 + 4a2. 

9. ia?h(9Tr- 16). 

■ Pages 71, 72 


1. 


45,000 lbs. 


3. J«)6A2. 


2. 


33,750 lbs. 


4. IwbhK 



5. I uiab^, where a is the semi-axis in the surface and 6 the vertical 
semi-axis. 

6. 300,000 w. 7. 40 irw. 

Pages 78-80 

1. I pa'b, where p is the pressure per unit area, a the width, and b 
the height of the door. 

2. -^wa^b. 4. The intersection of the 

3. T^ wbh' (4 c -|- 3 A) . medians. 
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5. (|a,0). 12. y = ia. 

6. 5=1^, j^=i^. 13. x = i^V2a. 

OTT OTT 



7. 



(a a\ 14. At distance — from the 

Hi F I ■ "■ 

" ''/ bounding diameter. 

9- 2'=|- 16. (I a, fa). 

10. (i^a, Aa). 17. (0.399,1.520). 



11 (^ 16a\ 



18. y = ia. 



19. On the axis { of the distance from the base to the vertex. 

20. At distance f a from the plane face of the hemisphere, where a 
is the radius. 

21. (f,0). 

22. Its distance from the plane face is -^ of the radius. 

23. On the axis at disi^ance | o (1 + cos a) from he vertex, a being 
the radius and a the angle of the sector. 

24. (|a,0). 

25. The distance of the center of gravity from the base of the cylinder 
is ^ TTO' tan a. 

26. At the middle of the radius perpendicular to the plane face. 
6V3 + I 



28. x = 



I5V3-5 



Pages 82, 83 

2. 2 ^a%. 6. § ,ra» [3 In (1 + V2) - V2]. 

3. i(l2V3-l). 7. |,ra'(3a + 2sina). 

4. :r(36^ + V6)V6. 8.. tW. 

5. V'ra^- 

10. f ira' (4 sin a — sin» a) tan a, where a is the radius of the cylinder 
and 2 a the vertical angle of the cone. 

Pages 84, 86 

1. I a'b, where b is the edge about which the rectangle is revolved. 

2. -^ hh?, where 6 is the base and h the altitude. 

3. i hh?, where 6 is the base and h the altitude. 

4. ^a\ 

5. ^ho.'. 

6. iira^ 
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7. J Ma%, where h is the altitude. 

8. ^MaK 

9. — ^ — , where p is the density. 

lo 

10. f Ma^, where M is the mass and a the radius. 
12. fira^ 



1. 



Pages 88, 89 

k(b- ay 



2a 

2. aw ft. lbs., where a is the radius of the earth in feet. 

3. cln r + 

Vi —0 Vi Vi 

4. 25,133 ft. lbs. 

5. f TTiiPa, where a is the radius of the shaft. 

fc 6 

6. 7^ — r In - , where h is the altitude of the cylinder. 
2 irft a 



7 -^fi--'^ 
47r \o h)' 



where a and b are the inner and outer radii. 



kh 
8. — r , where a and 6 are the radii of fhe ends and h the altitude. 
■wah 



9. 


2 7ri 
r 


Pages 95, 


10. 2i. 
c 

96 






2. 


8.5. 




11. 4.27. 






7. 


0.785392. 




12. 0.9045. 




8. 
9. 


1.26. 
4.38. 




13. oX - 


3[3 ' 6\5'^ 


10. 


21.48. 


Pages 102 


14. 1.91. 
,103 






1. 


In If. 


7. |. 




15. 


4. 


2. 


iTTO^. 


8. ^a\ 




16. 


^aK 


3. 


¥■ 


9. TT. 




17. 


161n2-^. 


4. 




10. 13i 

11. 3x 




18. 
19. 




5. 


-1. 


12. TT. 




20. 


(1, -1). ' 


6. 


X02 


13. \. 




21. 


(Ya, -2 a), 


4 ■ 


14. fa^. 
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Pages 107, 108 

1 ira* , ira' 

^- -8- *• "6- 

2. !!^. 6. J a* (2 a -sin 2 a). 

^ 7. T^!a<(67r-8). 

8. On the bisector at the distance — 7, from the center. 

ia 

9. It-^aK 11. o*(47r-ff). 
10. lira*. 12. Zira*. 

15. T^j JWa*, Af being the mass and a the radius of the base. 

16. Jo'(37r-4). 18. ■h-'P'^^- 

17. UaK jg_ (8V2-9)^. 

lUo 

Page 111 

1. aVil. 

2. There are two areas between the planes each equal to 2 ma?. 

3. Two areas are determined each equal to ira^ ^2. 

4. iTra^Vs. 7. 1111x02 (3 V3- 1). 

5. 4. 8. a2 (tt - 2). 

6- 8a2. 9. 8anan-4V2. 

Page 116 

1. i. 4. irabc. 

2. A- 6- ^<i'h. 
3." Its distance from the base 7. ^. 

is -/i va. 

Page 121 

^- '^''- 4. — (2«2 + 3a»). 

- 2. f A, where h is the altitude. 60 

3. T. 5. lira'. 

6. On the axis of the cone at the distance | a (1 + cos a) from the 
vertex.' 

7. If the two planes are 6 = ± ^, the spherical coordinates of the 

9 TT 

center of gravity are r = t^ a, 9 = 0' (^ = ^ • 

8. H'ra^ 
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kM 3 2kMc 



Page 126 

Lc Vc^ + a^J 



' e{c + 1) ' a? Lc Vc^ + a^. 

. 2kM 

4. 2 irfcp^ (1 — COS a), where p ia the density, h the altitude, and 
2 a the vertical angle of the cone. 

6. The components along the edge through the comer are each 
equal to 

2M k 
a? 



dx' ax 



[T2 + l^-Tv!J• 





Pages 130, 131 


5. 


-g+^l--«- ^•-g+^^: 


6. 


xdy -y(x + l)dx = 0. - 4 2/ = 0. 


7. 


^ , Q 9. ydx =xdy. 
dx^ 




Pages 141-143 


1. 
2. 


" " 10. y = cx^ 

tan^ X — cot^ V = c. x 



3. 2/2 + l=c(x'^-l). -I 

i. xHf+x^-y^ = c. 12.xhi^x+cy. 

5. :i;' + x'hj - xt - t = c. ^^ y = {I - x^) (x + c). 

6. f = cxHy^ + l). 14. y=csmx-a. 

7. x''+y'= ce^oy. I5. 7 a;' = 2/ (3' + c). 

8. xy = c{y-l). 1 , 1 , .^ 

16. -J = a; + 2 + ce-^. 

9. 2/ = ce<" + g— ^ e»^. j^ x4 + 4 J, (j2 _ 1)8 = c. 

18. In {x^ + xy + f) + 4= tan-' ?-±-?l = c. 

19. x' — 2/2 = ex. 25. 2/' = ce'' — s — 1. 

20. y^ + 2xy = c. 26. e» = i e»^ + ce"''. 

21. x*- ix^y + y* = c. ^ £ _ ^ . 

22 — = c — e"". ^ ^ '^ 

'2/^ ' 28. 2/ = I a;'' + c, or ^ =.ce 

? 29. 2/2 = 2 ex + c2. 

23. e» +lnx = c. / _j^\ 

24. x + 22/ + ln(x + 2/-2) =c. 30. q = Ec[l - e «"). 

31. i=Ie~L'+ ^ 



IP + a^U 



\R&mat — La[ cos at — e I' ] I . 
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32. 2/' = 8 e*-2. 34. y = cx^. 

33. 2/2 = 2 oa;. 

35. s = a In f + Va" - j/2 + c. 

o + Vo^ - 2/2 

36. 2/'' + (a; - c)2 = a'. 

38. r = e*. 

39. r = c sin 9. 

40. r = asec (9 + c). 

41. 09 = VjJ! -o2 - o sec-' - + c. 

o 

z 

42. y = e*. 

43. A circle. 

44. A straight line. 

45. A circle with the fixed point on its circumference or at its center. 

46. The logarithmic spirals r = ce*9. 

47. 0.999964. 



Pages 164-166 



1. 2/ = cilnz — ii" +C2. 

2. y = x + Cix^ + Ci. 

3. 2/ = cie"" + cje-". 

4. 2/ = Ci sin ai + Cj cos az. 



s = i In (cie<^« - e-^O + Cij. 



5. <= I V o,. i.e,s '^ + '^' 



9. y = ci + oif^". 

10. 2/ = "16°" + (^e""". 

11. 2/ = (ci + C2x) e'». 

12. 2/ = Ci cos a; + cj sin a;. 

13. 2/ = ci + cte-" + C3e'». 

14. 2/ = Cie"' + Cje-^ + cs cos a; + C4 sin x. 

15. 2/ = e^ [ci cos {x V2) + ca sin (a; V2)]. 

16. 2/ = «~* ci cos —2 h C2sm —^ • 



Answers to Exercises 185 



17. 2/ = Cie* + cje-"' + cse* ^-' + Cie"* A 

18. 2/ = (ci + C2X + Csz') e'. 

19. J/ = a; + 3 + Ci cos x + C2 sin x. 

20. 2/ = cie^": + C2e-2» - Je'". 

21. J/ = cie^^ + C2e-3^ - i s'- - yV ^ - rk- 

22. ?/ = ce^ — J (sin x + cos x). 

23. 2/ = ci + C2e" - I x2 ^ X. 

24. 2/ = cie-^ + «-" + i X - jV + 1^ 6'"=. 

X 

'2o' 



25. 2/ = cie""^ + 026-""' + r^ ^"^ 



26. 2/ = e*"' c, cos^-^^ + cjsin?^ - ^ (2sin 2x + 3 cos 2x). 

. , i^r xV3 , . xVsl 

27. y = cie* + e"*": ci cos — ^ h ca sm — g— 



' + x2 _ 6. 



28. y = cif^ + cze'^— J e^^^ sin x. 

29. y = cie'^ + cie'^'' + ^V e^'^ (6 sin x - cos x). 

30. 2/ = Ci + C2X + CsX^ + CiB-'' + T^ (4 cos 4 X — sin 4 x). 

31. y = ci cos 2 X + (C2 + i x) sin 2 x. 

32. 2/ = 6-=^ (ci + C2X + i x=) +ie'. 

33. X = ci cos i + C2 sin < + J (e' — e~'), 
y = Cismt — Ci cos i + i (e' — e"'). 

34. y = ci cos f + C2 sin J — 1, 

X = (ci + C2) cos i + (C2 — Ci) sin i — 3. 

35. X = Cie' + Cse"", 

y = Cie~' + 3 C2e~" + cos i. 

36. X = Cie' + C2e~' + Cs cos t + C4 sin f, 
y = Cie' + C2e~' — C3 cos i — C4 sin i. 

37. y =x. 

38. 2 y* = X + 2. 

39. s=|i+|(e-*'-l). 

40. s=^\ny 2 ;• 

41. s = 6cos (fci). 

42. About 7 miles per second. 

43. About 42i minutes. 

44. i = V-ln(5 + V24). 

» 9 

45. < = -4= 111 (9 + 4 ^5). 
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u" du = — r—; , if ra IS not —1. 
n + 1 



2. 



Jdu . 
— = In M. 
u 



1* -1 " 
tan ' -■ 

a 



r du- ^ 1 

' J V? +0? a 
A r du _ \ . u — a 
' J u' — a' 2 a u + a 

5. fe" du = e". 

/o" 
a'^du = e-- 
In a 

Integrals of Trigonometric Functions 

7. I sinudtt = — oosm. 

8. J sin^ u du = J ti — J sin 2 u = J (u — sin it cos «). 

9. J sin* u du = | u — J sin 2 u + ^^ sin 4 u/ 

0. fsin' udu = ^^u — ism2u + ^ sin' 2 u + ^j sin 4 «. 

1. j cosudw = sinM. 

2. I cos'' w dw = I u + i" sin 2 u = 5 (« + sin u cos u). 

3. j cos* M du = f M + J sin 2 u + ^j sin 4 u. 

4. I cos' udu = ^5 u + J sin 2 w — -^g sin' 2u + ^ sin 4 u. 

5. I tan udu = —In cos u. 

6. j cot u du = In sin u. 

186 



Table of Integrals 187 

17. ( sec udu = ln (sec u + tan u) = In tan ( 5 + 4 I ' 

18. I sec^ udu = tan u. 

19. I sec' udu = i sec u tan u + iln (sec u + tan u). 

20. J CSC udu = In (cbc m — cot u) = In tan ■=■ 

21. J csc^itdu = — cotw. 

22. j esc' udu = — I CSC u cot u + iln (esc u — cot u). 

Integrals- containing Va^ — m^ 

23. f Va^ - «2 du = :^ V^^T^^ + ^' sin-i - • 

24. Tm' Va' - «' dM = ^ (2 m2 - a^) Va^ - m^ + ^* gin-i -• 

„. r^/d^ -u^ , /-5 , , , g - Vtf - m' 

25. I AM = Va^ — M^ + a In 

J u u 

du ■ , u 

r^^^= = sm~' -• 
g2 _ yi a 

-„ r u^ du u ^ /—. -, , a^ • _, « 

27. i , = — 7: vo^ — 1*2 + _ sm-i - . 



26 



/; 



du 1 , a — v a^ — u^ 



28. f ,^!^^ = I In 
29./ 



d« _ va? — u^ 

u^ Va^ - m2 Q^m 



30. f (a' - u')^ du = 1 (5 a2 - 2 u=) Vo^ - m" + 



3a* . .u 

-=- sm 1 — 

8 a 



(a2 _ y2-)i a? Va^ - u^ 

Integrals containing v u^ _ ^^ 

32, JVu^ -a" du ='^ Vm2 - a^ - f In (« + Vu^'-aO. 

33. fw^ Vm2 - o2 dM = I (2 u'-a^) Vtf - a^ - | In (m+ Vu^-aO- 
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34. C ^y?-a'' du = Vii^TT^z _ a see-' - • 

35. f , ^'^ dw = In (m + ViirZ-^2). 

36. r ^1^ = H V^i^^^2 + gin U + V,^^^^). 



dw 1 , M 

. = - sec-' -• 



n„ r du 1 _ 

37. I , = - sec 

J V. Vl|2 — (7.2 O 

38. f- 

39. fCw^ - a?)^du ='^{2v?—5a?) ^v? -tf+^^ln (m+ v'i?^^). 

,„ , du !/ 

40. 



du Vm' - a?- 

y2 Vm2 — a2 o^ 



3 r "" 



:')' V^s - a' 



Integrals containing Vm^ + o^ 

41. J"Vw2 + a2 dw = I ^vT+a' + ^ In (u + VvT+a?). 

42. J"m2 Vm^ + o^ d« = I (2 m2 + o2) Vm^ + a' _ |in (« + VuS+a^) . 

,„ /-Vm^ + a2 , .^/ ■ . ■ . , Vm' + o' - g 

43. I ■ — du = Vm2 + a^ + a In • 

J u u 

44. r , '^" = In (m + V^i?+^2) . 

45. r-^l^ = ^ V^iM^^-^' In U + V^^iqr^. 

J v'm2 + a2 2 2 

,„ /- dw 1 , Vm2 -)- a2 - o 

46. I , = - In 

•^ M V u2 + a2 a « 

47. r fi ^_:^^+Z. 

48. r («2 + a^)^ dM = I (2 m2+5 „?) V^J+T^ + ^*ln (m+ Vu'+a?). 
du 



49 



/ du u 
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Other Integrals 



3. f\/^ 
J y a 



50. |\/?^d^ 
ax + b 



= - V{ax + h) {px + q) 

_ bp-aq j^ (Vp (ax + b) + Va {px + q)) 
n. Vap 

1 ./-r — TTTT — n — s ■ ^ — "^ I -1 ^ —ap {ax + 6) 
= -V(ax + b) {px + g) '^ . tan i ' • 

" aV —ap a Vpx + q 

ef"^ (a sin bx — b cos hx) 



iri r ax ■ I. J e"'^ {a sm bx — 

51. I e'^'^sm.bxdx = „ , ,, 

J a' + b' 

n h.1; - 



an r ax T. J ■6'" (b sin b.t; + a eos bx) 
52. I e""' cos bx dx = — ^^ ■ ■ 
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Natural Logarithms 



0-509 



X 





1 


2 


3 


4 


B 


6 


7 


8 


9 







0.0000 


0.6931 


1.0986 


1.3863 


1.6094 


1.7918 


1.9459 


2.0794 


2.1972 


1 


2.3026 


2.3979 


2.4849 


2.5649 


2.6391 


2.7081 


2.7726 


2.8332 


2.8904 


2.9444 


2 


9957 


3.0445 


3.0910 


3.1355 


3.1781 


3.2189 


3.2581 


3.2958 


3.3322 


3 3673 


3 


3.4012 


4340 


4657 


4965 


5264 


5553 


6835 


6109 


6376 


6636 


4 


6889 


7136 


7377 


7612 


7842 


8067 


8286 


8501 


8712 


8913 


5 


9120 


9318 


9512 


9703 


9890 


4.0073 


4.0254 


4.0431 


4.0604 


4.0775 


6 


4.0943 


4.1109 


4.1271 


4.1431 


4.1589 


1744 


1897 


2047 


2195 


2341 


7 


2435 


2627 


2767 


2905 


3041 


3175 


3307 


3438 


3567 


3694 


8 


3820 


3944 


4067 


4188 


4308 


4427 


4543 


4659 


4773 


4886 


9 


4998 


5109 


5218 


5326 


6433 


5539 


5643 


5747 


5850 


6951 


10 


6052 


6151 


6250 


6347 


6444 


6540 


6634 


6728 


6821 


6913 


u 


7005 


7095 


. 7185 


7274 


7362 


7449 


7536 


7622 


7707 


7791 


12 


7875 


7958 


8040 


8122 


8203 


8283 


8363 


8442 


8520 


8598 


13 


8675 


8752 


8828 


8903 


8978 


9053 


9127 


9200 


9273 


9345 


14 


9416 


9488 


9558 


9628 


9698 


9767 


9836 


9904 


9972 


5.0039 


15 


5.0106 


5.0173 


5.0239 


5.0304 


5.0370 


5.0434 


5.0499 


5.0562 


5.0626 


0689 


16 


0752 


0814 


0876 


0938 


0999 


1059 


1120 


1180 


1240 


1299 


17 


1358 


1417 


1475 


1533 


1591 


1648 


1705 


1761 


1818 


1874 


18 


1930 


1985 


2040 


2095 


2149 


2204 


2257 


2311 


2364 


2417 


19 


2470 


2523 


2575 


2627 


2679 


2730 


2781. 


2832 


2883 


2933 


20 


2983 


3033 


3083 


3132 


3181 


3230 


3279 


3327 


3375 


3423 


21 


3471 


3519 


3566 


3613 


3660 


3706 


3753 


3799 


3845 


3891 


22 


3936 


3982 


4027 


4072 


4116 


4161 


4205 


4250 


4293 


4337 


23 


4381 


4424 


4467 


4510 


4553 


4596 


4638 


4681 


4723 


4765 


24 


4806 


4848 


4889 


4931 


4972 


6013 


6053 


5094 


6134 


5175 


25 


. 5215 


5255 


5294 


5334 


5373 


5413 


6452 


5491 


5530 


5568 


26 


5607 


5645 


5683 


5722 


5759 


5797 


5835 


5872 


5910 


5947 


27 


5984 


6021 


6058 


6095 


6131 


6168 


6204 


6240 


6276 


6312 


28 


6348 


6384 


6419 


6454 


6490 


6525 


6560 


•6695 


6630 


6664 


29 


6699 


6733 


6768 


6802 


6836 


6870 


6904 


6937 


6971 


7004 


30 


7038 


7071 


7104 


7137 


7170 


7203 


7236 


7268 


7301 


7333 


31 


7366 


7398 


7430 


7462 


7494 


7526 


7557 


7589 


7621 


7662 


32 


7683 


7714 


7746 


7777 


7807 


7838 


7869 


7900 


7930 


7961 


33 


7991 


8021 


8051 


8081 


8111 


8141 


8171 


8201 


8230 


8260 


34 


8289 


8319 


8348 


8377 


8406 


8435 


8464 


8493 


8522 


8551 


35 


8579 


8608 


8636 


8665 


8693 


8721 


8749 


8777 


8805 


8833 


36 


8861 


8889 


8916 


8944 


8972 


8999 


9026 


9054 


9081 


9108 


37 


9135 


9162 


9189 


9216 


9243 


9269 


9296 


9322 


9349 


9375 


38 


9402 


9428 


9454 


9480 


9506 


9532 


9558 


9584 


9610 


9636 


39 


9661 


9687 


9713 


9738 


9764 


9789 


9814 


9839 


9865 


9890 


40 


9915 


9940 


9965 


9989 


6.0014 


6.0039 


6.0064 


6.0088 


6.0113 


6.0137 


41 


6.0162 


6.0186 


6.0210 


6.0234 


0259 


0283 


0307 


0331 


0355 


0379 


42 


0403 


0426 


0450 


0474 


0497 


0521 


0544 


0568 


0591 


0615 


43 


0638 


0661 


0684 


0707 


0730 


0753 


0776 


0799 


0822 


0845 


44 


0868 


0890 


0913 


0936 


0958 


0981 


1003 


1026 


1048 


1070 


45 


1092 


1115 


1137 


1159 


1181 


1203 


1225 


1247 


1269 


1291 


46 


1312 


1334 


1356 


1377 


1399 


1420 


1442 


1463 


1485 


1506 


47 


1527 


1649 


1570 


1591 


1612 


1633 


1654 


1675 


1696 


1717 


48 


1738 


1759 


1779 


1800 


1821 


1841 


1862 


1883 


1903 


1924 


49 


1944 


1964 


1985 


2005. 


2025 


2046 


2066 


2086 


2106 


2126 


SO 


2146 


2166 


2186 


2206 


2226 


2246 


2265 


2285 


~2305 


2324 


N 





1 


2 


3 


4 


a 


6 


7 


8 


9 



Natural Logarithms 
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N 





1 


2 


3 ■ 


4 


6 


6 


7 


8 


9 


SO 


6.2146 


6.2166 


6.2186 


6.2306 


6.2226 


6.2246 


8.2265 


6.2286 


6.2306 


6.2324 


61 


2344 


2364 


2383 


2403 


2422 


2442 


2461 


2480 


2500 


2619 


52 


2538 


2658 


2677 


2596 


2615 


2634 


2663 


2672 


2691 


2710 


S3 


2729 


2748 


2766 


2785 


2804 


2823 


2841 


2860 


2879 


2897 


54 


2916 


2934 


2953 


2971 


2989 


3008 


3026 


3044 


3063 


3081 


55 


3099 


3117 


3136 


3154 


3172 


3190 


3308 


3336 


3244 


3261 


56 


3279 


3297 


3316 


3333 


335r 


3368 


3386 


3404 


3421 


■3439 


67 


3456 


3474 


3491 


3609 


3626 


3544 


3561 


3678 


3606 


3613 


68 


3630 


3648 


3665 


3682 


3699 


3716 


3733 


3760 


3767 


3784 


59 


3801 


3818 


3836 > 


3852 


3869 


3886 


3902 


3919 


3936 


3963. 


60 


8969 


3986 


4003 


4019 


4036 


4062 


4069 


4085 


4102 


4118 


61 


4135 


4151 


4167 


4184 


4200 


4216 


4232 


4249 


4265 


4281 


62 


4297 


4313 


4329 


4345 


4363 


4378 


4394 


4409 


4425 


4441 


63 


4457 


4473 


4489 


4505 


4520 


4636 


4552 


-4568 


4583 


4509 


64 


4615 


4630 


4646 


4661 


4677 


4693 


4708 


4723 


4739 


4754 


65 


4770 


4785 


4800 


4816 


4831 


4846 


4863 


4877 


4892 


4907 


66 


4922 


4938 


4963 


4968 


4983 


4998 


6013 


6028 


5043 


5058 


67 


5073 


5088 


6103 


6117 


5132 


5147 


6162 


6177 


5191 


5206 


68 


5221 


5236 


6250 


6265 


5280 


6294 


5309 


5333 


5338 


5353 


69 


5367 


6381 


5396. 


6410 


5426 


5439 


5453 


5468 


6482 


5497 


70 


5511 


5526 


5539 


6654 


5668 


6662 


6596 


6610 


6624 


5639 


71 


5653 


6667 


5681 


6695 


6709 


6733 


5737 


5751 


5765 


6779 


72 


6793 


5806 


6820 


6834 


6848 


6863 


6876 


6889 


6903 


6917 


73 


5930 


6944 


6958 


5971 


6986 


6999 


6012 


6026 


6039 


6053 


74 


6067 


6080 


6093 


6107 


6120 


6134 


6147 


6161 


6174 


6187 


75 


6201 


6214 


6227 


6241 


6254 


6367 


6280 


6294 


6307 


6320 


76 


6333 


6346 


6359 


6373 


6386 


6399 


6413 


6425 


6438 


6451 


77 


6464 


6477 


6490 


6503 


6516 


6529 


6643 


6554 


6667 


6580 


78 


6593 


6006 


6619 


6631 


6644 


6667 


6670 


6682 


6695 


6708 


79 


6720 


6733 


6746 


6758 


6771 


6783 


6796 


6809 


6821 


6834 


80 


6846 


6869 


6871 


6884 


6896 


6908 


6931 


6933 


6946 


6958 


81 


6970 


6983 


6995 


7007 


7020 


7032 


7044 


7056 


7069 


7081 


82 


7093 


7105 


7117 


7130 


7142 


7164 


7166 


7178 


7190 


7203 


83 


7214 


7226 


7238 


7250 


7262 


7374 


7386 


7398 


7310 


7322 


84 


7334 


7346 


7358 


7370 


7382 


7393 


7405 


7417 


7439 


7441 


85 


7452 


7464 


7476 


7488 


7499 


7S11 


7533 


7534 


7546 


7668 


86 


7669 


7581 


7693 


7604 


7616 


7627 


7639 


7650 


7662 


7673 


87 


7685 


7696 


7708 


7719 


7731 


7742 


7754 


7765 


7776 


7788 


88 


7799 


7811 


7822 


7833 


7846 


7856 


7867 


7878 


7890 


7901 


89 


7912 


7923 


7936 


7946 


7957 


7968 


7979 


7991 


8002 


- 8013 


90 


8024 


8036 


8046 


8067 


8008 


8079 


8090 


8101 


8112 


8123 


91 


8134 


8145 


8166 


8167 


8178 


8189 


8200 


8311 


8222 


8233 


92 


8244 


8255 


8265 


. 8276 


8287 


8298 


8309 


8320 


8330 


8341 


93 


8352 


8363 


8373 


8384 


8396 


8405 


8416 


8437 


8437 


8448 


94 


8459 


8469 


8480 


8491 


8501 


8512 


8522 


8533 


8644 


8654 


95 


8565 


8575 


8586 


8596 


8607 


8617 


8628 


8638 


8648 


8659 


96 


8609 


8680 


8690 


8701 


8711 


8721 


8732 


8743 


8752 


8783 


97 


8773 


8783 


8794 


8804 


8814 


8834 


8835 


8845 


8866 


8866 


98 


8876 


8886 


8896 


8906 


8916 


8926 


8937 


8947 


8957 


8967 


99 


8977 


8987 


8997 


9007 


9017 


9027 


9037 


9048 


9058 


9068 


100 


9078 


9088 


9098 


9108 


9117 


9127 


9137 


9147 


9157 


9167 


N 





1 


2 


3 


4 


6 


6 


7 


S 


9 



INDEX 



The numbers refer to the pages. 



Approximate methods, 90-96. 
Area, by double integration, 97. 

bounded by a plane curve, 47-52. 

derivative of, 39. 

of a surface of revolution, 65. 

of any surface, 108. 
Attraction, 121. 

• Center of gravity, 73-80. 
Change of variable, 44. 
Constants of integration, 1, 128. 
Curves with a given slope, 7. 
Cylindrical coordinates, 116. 

Definite integrals, 36. 

properties of, 41. 
Differential equations, 126-156. 

exact, 133. 

homogeneous, 139. 

hnear, 136, 147. 

of the second order, 143. 

reducible to linear, 137. 

simultaneous, 153. 

solutions of, 128. 

with variables separable, 132. 

Exact differential equations, 133. 

Formulas of integration, 14. 

Homogeneous differential equa- 
tions, 139. 

Infinite limits, 42. 

Infinite values of the integrand, 43. 



193 



Integral, definite, 36. 
definition of, 1. 
double, 97. 
indefinite, 36. 
triple, 112. 
Integrals, containing ax^ -\-hx + 
c, 19. 

p 
containing {ax -(- 6) a, 29. 
of rational fractions, 26-29. 
of trigonometric functions, 21- 

23. 
relation of definite and indefinite, 
40. 
Integrating factors, 135 
Integration, 1. 
by substitution, 15-19. 
constant of, 1. 
formulas of, 14. 
geometrical representation of, 

36. 
in series, 94. 
of rational fractions, 20-29. 

Length of a curve, 61, 63. 
Limits of integration, 36, 42. 
Linear differential equations, 136, 
147. 

Mechanical and physical applica- 
tions, 70-89. 
Moment, 72. 

of inertia, 83. 
Motion of a particle, 5. 



194 



Index 



Order of a differential equation, 
126. 

Pappus's theorems, 80. 
Physical and mechanical applica- 
tions, 70-89. 
Pressure, 70. 
Prismoidal formula, 90. 
Polar coordinates, 50, 63, 103. 

Rational fractions, integration of, 

26-29. 
Reduction formulas, 33. 

Separation of the variables, 9, 132. 
Simpson's rule, 93. 



Spherical coordinates, 119. 
Summation, 35. 

double, 100. 

triple, 113. 

Trigonometric functions, integrals 

of, 21-23. 
Trigonometric substitutions, 23. 

Variables, separation of, 9, 132. 
Volume, by double integration, 99. 

of a solid of revolution, 52. 

of a soUd with given area of sec- 
tion, 56. 

Work, 85. 
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